CLASSIFYING SPACES OF DEGENERATING MIXED 
HODGE STRUCTURES, II: SPACES OF SL(2)-ORBITS 
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Abstract. We construct an enlargement of the classifying space of mixed Hodge struc- 
tures with polarized graded quotients, by adding mixed Hodge theoretic version of SL(2)- 
orbits. This space has a real analytic structure and a log structure with sign. The 
SL(2)-orbit theorem in several variables for mixed Hodge structures can be understood 
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This is Part II of our series of papers in which we study degeneration of mixed Hodge 
structures. 

0.1. We first review the case of pure Hodge structures. Let D be the classifying 
space of polarized Hodge structures of given weight and given Hodge numbers, defined 
^ ' by Griffiths [G]. Let Ft G -D be a variation of polarized Hodge structure with complex 
■ analytic parameter t = {ti, . . . ,tn), ti---tn ^ 0, which degenerates when t — )■ = 
(0, . . . , 0). It is often asked how Ft and invariants of Ft, like Hodge metric of Ft etc., 
behave when t — )■ 0. Usually, Ft diverges in D and invariants of Ft also diverge. 

There are two famous theorems concerning the degeneration of Ft, which will be 
roughly reviewed in 0.3 below. 

(1) Nilpotent orbit theorem ([Sc]). 

(2) SL(2)-orbit theorem ([Sc] and [CKS]). 
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In [KU2] and [KU3], we constructed enlargements -Dsl(2) ^nd Dj^ of D, respectively. 
Roughly speaking, these theorems (1) and (2) are interpreted as in (1)' and (2)' below, 
respectively (see [KU3]). 

(1) ' (Ft mod r) G r\D converges in r\DY., and asymptotic behaviors of invariants 
of Ft are described by coordinate functions around the limit point on r\D-£. 

(2) ' Ft E D converges in -Dsl(2)7 a-^d asymptotic behaviors of invariants of Ft are 
described by coordinate functions around the limit point on -Dsl(2) (see 0.2 below). 

Here in (1)', F is the monodromy group of Ft which acts on D and E is a certain cone 
decomposition which is chosen suitably for Ft. The space r\D-£ is a kind of toroidal 
partial compactification of the quotient space r\D, and has a kind of complex analytic 
structure. The space -Dsl(2) has a kind of real analytic structure. For the study of 
asymptotic behaviors of real analytic objects like Hodge metrics, -Dsl(2) is a nice space 
to work with. 

0.2. Now let D be the classifying space of mixed Hodge structures whose graded 
quotients for the weight filtrations are polarized, defined in [Ul]. The purpose of this 
paper is to construct an enlargement -Dsl(2) of D, which is a mixed Hodge theoretic 
version of -Dsl(2) in [KU2]. A mixed Hodge theoretic version of the SL(2)-orbit theorem 
of [CKS] was obtained in [KNUl], and it is also interpreted in the form (2)' above, by 
using the present -DsL(2) (see §4.1 of this paper). 

In Part I ([KNU2]) of this series of papers, we constructed the Borel-Serre space D^s 
which contains -D as a dense open subset and which is a real analytic manifold with 
corners like the original Borel-Serre space in [BS] . These spaces -Dsl(2) and Dbs belong 
to the following fundamental diagram of eight enlargements of D whose constructions 
will be given in these series of papers. This fundamental diagram for the pure case 0.1 
was constructed in [KU3]. 

-DsL(2),val ^ -DBS.val 
i i 
i^E,val ^ i^|,val ^ ^SL(2) DbS 

In the next parts of this series, we will construct the rest spaces in this diagram. 
Among them, D-^ is the space of nilpotent orbits. Degenerations of mixed Hodge 
structures of geometric origin also satisfy a nilpotent orbit theorem ([SZ], [K], [Sa], [PI] 
etc.; a review is given in [KNUl], §12.10). In the next papers in this series, we plan to 
interpret this in the style (1)' above, by using Dj^ in this diagram. 

0.3. We explain the contents of the above 0.1 and 0.2 more precisely (but still 
roughly) . 
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The nilpotent orbit theorem (in the pure case 0.1 and in the mixed case 0.2 also) 
says roughly that when t = (ti, . . . , t„) — >■ 0, we have 

(Ft mod r) ~ {eME]=iZjNj)FmodT) 

for some fixed Hodge filtration F (~ expresses "very near", but the precise meaning of 
it is not explained here), where zj is a branch of {2ni)~^ log(tj) and Nj is the logarithm 
of the local monodromy of Ft around the divisor tj — 0. In [KU3] for the pure case and 
in the next papers in this series for the mixed case, this is interpreted as the convergence 

{Ft mod r) ^ {{a, Z) mod T) e T\D^, 

where a is the cone Yl^=i ^>oNj and Z is the orbit exp{Yl^=i ^^j)^- in the pure 
case, as a set, Dj^ is a set of such pairs (cr, Z).) 

The SL(2)-orbit theorem in the pure case 0.1 obtained in [CKS] says roughly that 
when t — >■ 0, tj e R>o, and yj/yj+i — >■ oo, where yj = —{27r)~^log{tj) for 1 < j < n 
iVn+i = 1), we have 

(~ expresses "very near" again) where p is a homomorphism of algebraic groups SL(2, R)' 
Aut(L>), (fi is a complex analytic map f)" — > D from the product f)*^ of copies of the 
upper half plane f), satisfying (p{gz) = p{g)(f{z) for any g e SL(2,R)"' and z e ()"■, and 
where i = (z, . . . , z) e ()"■. In [KU3], this is interpreted as the convergence 

Ft class(p,(^) e i:>sL(2)- 

The SL(2)-orbit theorem in the mixed case 0.2 obtained in [KNUl] says roughly that 
when t — )■ 0, tj G R>o, and yj/yj^i oo, where yj — — (27r)~^ log(tj) for 1 < j < n 
{yn+i = 1), we have 

~H.(®„...r'v((t vy--(t^ vvv^W' 

where (p^, (pw) {we Z) is the SL(2)-orbit of pure weight w associated to the filtration 
on grj^ induced from Fj, r is a certain point of D which induces (pw{^) on each grj^, 
and "lift" is the lifting to Ant{D) by the canonical splitting of the weight filtration 
associated to r (see 1.2). For details, see [KNUl], and also §2.4 of this paper. By using 
the space Dsl(2) of this paper, this is interpreted as the convergence 

Ft class((p^(;,<^u,)^oez,r) e -DsL(2)- 

Since -Dsl(2) has a real analytic structure, we can discuss the difi^erential of the extended 
period map 1 1-^ Ft at t = 0. We hope such delicate structure of -Dsl(2) is useful for the 
study of degeneration. 
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0.4. Precisely, there are two natural spaces -DgL(2) ^sl(2) which can sit in the 
place of I)sL(2) in the fundamental diagram. They coincide in the pure case and coincide 
always as sets, but do not coincide in general. What we wrote in the above 0.3 are valid 
for both. They have good properties respectively so that we do not choose one of them 
as a standard one. See 3.2.1 for more survey. 

0.5. The organization of this paper is as follows. In §1, we give preliminaries about 
basic facts on mixed Hodge structures. In §2, we define the space -Dsl(2) as a set. In 
§3, we endow this set with topologies and with real analytic structures (these spaces 
-^SL(2) -^SL(2) necessarily real analytic spaces, but they have the sheaves of 

real analytic functions which we call the real analytic structures). We study properties 
of these spaces. In §4, we consider how the degenerations of mixed Hodge structures 
are related to these spaces. 

0.6. A large part of this paper was written while one of the authors (K. Kato) was 
a visitor of University of Cambridge whose hospitality (especially by Professor John 
Coates) is gratefully appreciated. The authors thank the referee for careful reading. 

The poem at the beginning is a translation by Professor Luc lUusie of a Japanese 
poem composed by two of the authors (K. Kato and S. Usui). These poems were placed 
at the beginning of [KU3] . We put the French version here again as it well capture the 
spirit of this paper. 

Notation 

Fix a quadruple 

^o = {Ho,W,{{, )„)„ez,(/i^'%,,ez), 
where 

Hq is a finitely generated free Z-module, 

W is an increasing filtration on i?o,R := R ®z Hq defined over Q, 

( , is a non-degenerate R- bilinear form grj^ x grj^ — )■ R defined over Q for each 
e Z which is symmetric if w is even and anti-symmetric if w is odd, and 

h^''^ is a non- negative integer given for p,q E Z such that /i^'^ = /i^'^, rankz(iyo) = 
Ep,g^^'^ and dimR(gr|f ) = Y.p+q=w^^''^ ^r aU w. 

Let D be the set of all decreasing filtrations F on Hq^c '■= C (8)z Hq satisfying the 
following two conditions. 

(1) dim(Fngrj;,)/FP+i(grj;,)) = h^'i for any p, g e Z. 

(2) ( , )^ kills FP(gr^) x F'?(gr^) for any p,q,w eZ such that p + q> w. 

Here F(gr^) denotes the filtration on gr^^ := C (8)r gr^ induced by F. 
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Let D be the set of all decreasing filtrations F e D which also satisfy the following 
condition. 

(3) V~^{x,x)y, > for any non-zero x e FP(grJ^) n Fi{gT^) and any p,q,w e Z 
with p + q = w. 

Then, D is an open subset of D and, for each F e D and e Z, F{gT^) is a Hodge 
structure on {Hq fl Wyj)/{Ho fl Ww-i) of weight w with Hodge number (/i^''^)p+g=w 
which is polarized by ( , )w The space D is the classifying space of mixed Hodge 
structures of type $o introduced in [Ul] , which is a natural generalization to the mixed 
case of the Griffiths domain in [G]. These two are related by taking graded quotients 
by W as follows. 

D{gr^): the D for {{Ho n Wj/{Ho n ( , {hP'i)p+g=^) for each w e Z. 

^(gr^) = n^aez D{gr^)- 

D -D(gr^), F F(gr^) := (F(gr^))y,ez, the canonical surjection. 
For A = Z,Q, R, or C, 

Ga'- the group of all A-automorphisms g of Hq^a '■— A ®z Hq compatible with W 
such that gr^ {g) : gr^ — )• gr^ are compatible with ( , )yj for all w. 

Ga,u '■— {g G Ga \ {g) = 1 for all w G Z}, the unipotent radical of Ga- 

G^lgr^): the Ga of ((i^o n W^«;)/(iyo n ( , for each w^Z. 

GAigr"^) := U^GAigr^). 

Then, Ga/Ga,u = ^'^(gr^), and Ga is a semi-direct product of Ga,u and (^^(gr^). 

The natural action of Gc on D is transitive, and £> is a complex homogeneous space 
under the action of Gc- Hence £> is a complex analytic manifold. An open subset D of 
D is also a complex analytic manifold. However, the action of Gr, on D is not transitive 
in general (see the equivalent conditions (4), (5) below). The subgroup GrGcm of Gc 
acts always transitively on D, and the action of Gc,u on each fiber of D ^ D(gr^) is 
transitive. 

spl(VF): the set of all isomorphisms s : gr^ = 0^ gr^ ^ -ffo,R of R- vector spaces 
such that for any w e Z and v e grj^, s{v) G and v = {s{v) mod Ww-i). 

We have the action Gr,^„ x spl(14^) — > spl(W^), {g,s) i-> gs. 

For a fixed s G spl(l^), we have a bijection Gr,^„ spl(VF), g i-> gs. Via this bijection, 
we endow spl(VF) with a structure of a real analytic manifold. 

-Dspi := {s{F) I s G spl(W^), F G D{gT^)} C D, the subset of R-split elements. 

Here s{Fr ^(0^ F^^^) for F = G D{gr^). 

-Dnspi := -D \ -Dspi- 
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Then, Dgpi is a closed real analytic submanifold of D, and we have a real analytic 
isomorphism spl(W^) x D{gT^) ^ i:»spi, (s,F) ^ s{F). 

The following two conditions are equivalent ([KNU2], Proposition 8.7). 

(4) D is Gr- homogeneous. 

(5) D = Api. 

For example, if there is w G Z such that = -f^o,R and = 0, then the above 

equivalent conditions are satisfied. But in general these conditions are not satisfied (see 
Examples I, III, IV in 1.1). 

For A = Q, R, C, 

Qa '■— Lie(Gyi) which is identified with {X G End^(ifo,A) | X{Ww) C for all w, 
(gr^(X)(a;),?/)«, + (x, grJ^(X)(y))^ = for aU«;,x,y}. 

QA,u := Ue{GA,u) = {XeQA\ gr^l^) = for aU w}. 

QAigr^y. the QA of {{Ho n Wu,)/{Ho n Wu,-i), { , )») for each w e Z. 

0A(gr^) := e^ez0A(grr)- 

Then, Qa/Qa,u = SA(gr^). 

§1. Basic facts 

We examine some examples, review some basic facts, and fix further notation which 
will be used in this paper. 

§1.1. Examples 

1.1.1. We give six simple examples 0, I, II, . . . , V of £) for which the set {w G 
Z I gr^ ^ 0} is {-1}, {0,-2}, {0,-1}, {0,-3}, {0,-1,-2}, {0,1}, respectively. 
Among these, the examples I, II, III are already presented in [KNU2], 1.10-1.12 to 
illustrate the results in that paper on each step. All these examples will be retreated 
also to illustrate the results in this paper on each step. 

Example 0. (This example belongs to the pure case, though Example I-Example V 
below do not.) Let Hq — T? — Zei + Ze2. Let W be the increasing filtration on i/o,R 
defined by 

I^_2 = C W-x = Ho,n- 

Let (62, ei)_i = 1. Let h'^'^ = /i° = 1, and let hP'i = for aU other (p, g). 
For T G C, let F{t) be the decreasing filtration on Hq c defined by 

F(t)1 = C F(t)0 = C(Tei + 62) C F(t)-i = Ho,c. 
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Then we have an isomorphism of complex analytic manifolds 

where f) is the upper half plane {x + iy \ x,y & R, y > 0}, in which r e f) corresponds 
to F{t) e D. This isomorphism naturally extends to ~ P-'^(C). 

Example I. Let Hq = Z'^ = Zei + Ze2, let W be the increasing filtration on i^o.R 
defined by 

W_s = C W^_2 = W^-i = Rei C Wo = Ho^B.- 

For j = 1 (resp. j = 2), let e'j be the image of Cj in gr^2 (resp. grg^). Let (63, 63)0 = 1, 
(e'l, e'i)_2 = 1, and let = h'^-^ = 1, /i^''? = for all the other {p, q). 
We have an isomorphism of complex analytic manifolds 

D ~ C. 

For z e C, the corresponding F{z) e D is defined as 

F{zy^O C F{zf ^C{zei+e2) C F{z)-' ^ Ho,c- 
The group Gz,u is isomorphic to Z and is generated by 7 e Gz which is defined as 

7(ei) = ei, 7(62) = 61 + 62. 

We have 

G'z,.\^-c^ 

where {F{z) mod Gz,u) corresponds to exp{2iTiz) G C^. 

This space Gz,u\D is the classifying space of extensions of mixed Hodge structures 
of the form Z(l) * ^ Z ^ 0. 

In this case, D(gr^) is a one point set. 

Example II. Let Hq = Z^ = Zei + Ze^ + Z63, let 

W-2 = C W-x = Rei + R62 C W^o = iyo,R. 

For J = 1, 2 (resp. 3), let e^- be the image of e^- in gr^f^ (resp. grg^). Let (cg, 63)0 = 1, 
(6^, 6'i)_i = 1, and let = /iO-^ = /^-^'O = 1, hP^'^ = for all the other {p, q). 
Then we have isomorphisms of complex analytic manifolds 

D ~ X C, D{gi^) ~ f). 

Here (r, 2;) e f) x C corresponds to F = F{t, z) E D given by 

= C F^ = C(r6i + 62) + C(26i + 63) C = i^cc- 
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The induced isomorphism Z)(gr^) = Z)(gr^fj^) ~ f) is identified with the isomorphism 
D ~ [) in Example 0. 

The group Gz,u is isomorphic to Z^, where (a, b) G corresponds to the element of 
Gz which sends Cj to ej for j = 1, 2 and sends 63 to aei + be2 + 63. The quotient space 
Gz,u\D is the "universal elliptic curve" over the upper half plane i). For r e f), the fiber 
of Gz,u\D -D(gr^) = f) over r is identified with the elliptic curve := C/(Zt + Z). 
The Hodge structure on HqHW-i corresponding to r is isomorphic to H^{Et-){1)- Here 
H^{Et) denotes the Hodge structure H^{Et-,Z) of weight 1 endowed with the Hodge 
filtration and (1) here denotes the Tate twist. The fiber of Gz,u\D i) over r is the 
classifying space of extensions of mixed Hodge structures of the form 

0^ H\Er){l) ^ *^Z^0. 

Example III. Let Hq = = Zei + Ze2 + Ze3, let 

W-^ = C W-3 = W-i = Rei + Re2 C M^o = Hq^h- 

For j = 1,2 (resp. 3), let e'j be the image of Cj in gr^^ (resp. grg^). Let (63,63)0 = 1, 
(6^, 6;)_3 = 1, and let h^'^ = h'^-'^ = /^-^ -1 = 1, hP'i = for aU the other {p, q). 
Then we have isomorphisms of complex analytic manifolds 

D ~ X C^ D{gv^) ~ i). 

Here (r, zi, Z2) G i) x corresponds to F = F{t, zi, Z2) E D given by 

F^ = c F^ = C{ziei + ^262 + 63) C = F^ + C(t6i + 62) C F'^ = Ho,c. 

The induced isomorphism D{gr^) = D(gr^_Ys) — f) is identified with the isomorphism 
D ~ 1^ in Example (F e D(gr^) corresponds to the twist F{—1) of F, which belongs 
to the D in Example 0.) 

The group Gz,u is the same as in Example II. The Hodge structure on Hq fl W-3 
corresponding to r G f) ~ D(gr^^) is isomorphic to H^{Et){2). The fiber of Gz,u\D — )■ 
-D(gr^) ~ f) over r G is the classifying space of extensions of mixed Hodge structures 
of the form 

0^ H^{Er){2) ^ *^Z^0. 
Example IV. Let i^o = Z^ = Zei + Ze2 + Ze3 + Ze4, let 

W-3 = C M^-2 = Rei C W-i = W-2 + Re2 + Reg G Wq ^ ifo,R- 

For J = 1 (resp. 2, 3, resp. 4), let e'j be the image of Cj in gr^fa (resp. gr^f^, resp. grj^). 

Let (e^,e^)o = 1, (e'i,e'i)_2 = 1, and (e^,e'2)-i = 1, and let = h^''^ = h'^'^ = 
h~^'~^ = 1, /t^'^ = for all the other {p, q). 
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Then we have isomorphisms of complex analytic manifolds 

L> = 1) X C^ D{gT^) = D{gT^^) = i). 

Here {t,zi,Z2,zs) G f) x corresponds to F = F{t, zi, Z2, z^) G D given by = 
Ho,c, = 0, and 

F° = C(2;iei + Te2 + 63) + C(2;2ei + 2:362 + 64). 

The induced isomorphism D(gr^) = Z)(gr!^j^) ~ f) is identified with the isomorphism 
D ~ [) in Example 0. 

There is a bijection Gz,u — (but not a group isomorphism), where (aj)i<j<5 G 
corresponds to the element of Gz,u which sends ei to ei, 62 to aici +62, 63 to 0261 +63, 
and 64 to 0361 + 0462 + 0563 + 64. 

Example V. Let Hq = = Zei + Ze2 + Ze3 + Ze4 + Zes, let 

W-i = C Wo = Kei + Re2 + Re3 G Wi = Hq^r. 

For J = 1, 2, 3 (resp. 4, 5), let e'j be the image of Cj in grg^ (resp. grj^). Let (65, 64)1 = 1, 
(e'i,e^)o = 2, (e'2,e'2)o = -1, and {e'j,e'^)o = 0{j + kj^4:, l<j,k< 3), and let 
/ii -1 = h^'O ^ ^ ;ji,o ^ ;^o,i ^ g^^^ f^p,q ^ for aU the other {p, q). 

Let i)"^ = {x + iy \ x,y e H, y 7^ 0} = f) U (—1)). Then we have isomorphisms of 
complex analytic manifolds 

L»~f)±xf)xC3, L»(gr5^) ~ L»(grf)~f). 

Here (ro, ti, ^i, 22, -23) G t)^ x [) x corresponds to F = F(to, ti, ^i, Z2, Z3) e D given 
by F^ = 0, = Ho,c, and 

= C(Toei + 2Toe2 + 63) + C{ziei + 2:262 + Tie^ + 65), 
F° = F^ + C(Toei + 62) + C(^3ei + 64). 

Let F(t) be the filtration in Example corresponding to r G I). The induced 
isomorphism F)(gr]^) ^ [) sends r G () to the Tate twist F(t)(— 1) of F(r). The 
induced isomorphism D{grQ^) ~ sends r G f)^ to Sym^(F(r))(— 1) G D(grQ^) (see 
1.1.2 below). 

The group Gz,u is isomorphic to Z^, where (ttj)i<j<6 ^ corresponds to the 
element of Gz which sends e-, to ej for j = 1, 2, 3, 64 to aiCi + 0262 + 0363 + 64, and 65 
to a4ei + 0562 + ages + 65. 

1.1.2. Remark. For the computations of Example V in 1.1.1 above and in 3.6 
and 4.2.4 later, we describe here the classifying space D2 of polarized Hodge struc- 
tures of weight 2 underlain by the second symmetric power of the Tate twist (—1) of 
{Hq, ( , )_i) in Example 0. 

The domain F)(gro^) in Example V of 1.1.1 is identified with D2 via the Tate twist. 
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Let Ho^Z^ = Z/i + Z/2, let Wq = C ^ = Ho,n, and let (/2,/i)i = 1. Then, 
Sym2(Fo) = T? ^ Zei + Zea + Zeg, where ei := /f , := /1/2, 63 := /|, and the 
induced polarization on Sym^(iyo), which is defined by 

(a;ia;2, 2/12/2)2 = 2/i)i(a;2, 2/2)1 + (a;i, 2/2)i(a;2, 2/1)1 {.^jiVj e i^o, j = 1,2), 
is given by 

(ei, 63)2 = (63, 61)2 = 2, (e2, 62)2 = -1, (cj, efc)2 = otherwise. 

For V = wiCi + 6^262 + ^363 e Cei + Ce2 + Ce3 to be Hodge type (2, 0), the Riemann- 
Hodge bilinear relations are 

{v, v)2 = Aojiojz - = 0, 

{Cv,v)2 = i^{v,v)2 = -4Re(a;ia;3) + |a;2p > 0, 

where C is the Weil operator. Hence the classifying space D2 and its compact dual 
D2 of the Hodge structures of weight 2, with Hodge type h^'^ = h^'^ = h^'^ = 1 and 
j^p,q _ Q otherwise, and with the polarization ( , ) 2, is as follows. 

D2 = {C(a;iei + ^262 + 00363) C Cei + Ce2 + Ce3 | 4a;ia;3 - = 0} - (C). 

(1) D2 ^ {C{ujiei + U2e2 + 00363) e D \ - 4Re(a;ia;3) + |a;2|^ > 0} ~ 

The isomorphism is given by wiei + uj2e2 + (^363 = uP'ex + 2a;e2 + 63 •<->■ a;. 

Assigning g e SL(2,R) to sym^(5f) e Aut(iyo,R, ( , )2)5 we have an exact sequence 

(2) 1 ^ {±1} ^ SL(2, R) ^ Aut(ifo,R, ( , )2) ^ {±1} ^ 1. 
The isomorphism (1) is compatible with (2). 

§1.2. Canonical splittings of weight 
filtrations for mixed hodge structures 

Let W and D be as in Notation at the end of Introduction. In this section, we review 
the canonical splitting s = spl-^y{F) G spl(VF) of the weight filtration W associated to 
F E D, defined by the theory of Cattani-Kaplan-Schmid [CKS]. This canonical splitting 
s appeared naturally in the SL(2)-orbit theorem for mixed Hodge structures proved in 
our previous paper [KNUl]. The definition of s was reviewed in detail in Section 1 
of [KNUl]. The canonical splitting plays important roles in the present series of our 
papers. 
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1.2.1. Let F = e -D(gr^). Regard F as the filtration 0„ on grg" = 
e«,g<c, and let i^f,'^ = H^^^^^^ C grj^^^c- Let 

L-''-\F) = {Se EndR(gr^) | C H^f'"' for allp,g G Z}. 

All elements of L^^'~^(F) are nilpotent. Let 

£ = EndR(gr^)<_2 

be the set of all R-linear maps 5 : gr^ gr^ such that (5(gr^) C 0^/<u,_2 gr^ for 
any w e Z. Denote 

£(F)=L^^'-^(F)c£. 

is sometimes denoted simply by L. 
In this §1.2, we review the isomorphism of real analytic manifolds 

D ~ {{s,F,5) e spl{W) X L'(gr^) xC\6e C{F)} 

obtained in the work [CKS] (see 1.2.5 below). For F' G D, the corresponding {s,F,d) 
consists of F = F'(gr^), S = S{F') G jC{F) defined in 1.2.2 below, and the canonical 
splitting s = spl^(F') of W associated to F' explained in 1.2.3 below. 

1.2.2. For F' G D, there is a unique pair {s',5) G sp[{W) x >C(F'(gr^)) such that 

F' = s'(exp(z5)F'(gr^)) 
([CKS]). This is the definition of 5 = 6{F') associated to F'. 

1.2.3. Let F' G D, and let s' G spl(M^) and S G £(F'(gr^)) be as in 1.2.2. Then 
the canonical splitting s = spl|y(F') of W associated to F' is defined by 

s = s'exp(C), 

where C = ({F'{gr^),S) is a certain element of £(F'(gr^)) determined by F'(gr^) 
and S in the following way. 

Let 5p^q {p,q G Z) be the (p, q')-Hodge component of 5 with respect to F'(gr^) 
defined by 

S = Ep,, S,,, {5,,, G Cc{F'{gr^)) = C ®R >C(F'(gr^))), 

5p,,(iyJ'/(g^^P C h'+^^JP^ for all k,leZ. 

Then the (p, Q)-Hodge component Cp,g of C = C(-^'(gr^), 5) with respect to F'(gr^) is 
given as a certain universal Lie polynomial of 5p'^q> {p', q' G Z, < —1, q' < —1). See 
[CKS] and Section 1 of [KNUl]. For example, 

C-1,-1 = 0, 

C-l -2 = -f 5-1 -2, 
C-2,-1 = |<^-2,-l- 

1.2.4. For F G i:'(gr^) and 6 G C{F), we define a filtration e{F, 6) on grg" by 

e{F,d)=exp{-C)exp{id)F, 

where ^ = C(F, 5) is the element of C{F) associated to the pair (F, 5) as in 1.2.3. 
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Proposition 1.2.5. We have an isomorphism of real analytic manifolds 

L> ~ {(s, F, 5) e spl{W) X iP(gr^) xC\5e C{F)}, F' ^ (spV(FO, F'(gr^), 6{F')), 

whose inverse is given by (s, F, S) s{9{F, S)). 

1.2.6. For g = (^^)^ G GR(gr^) = J]^ ^^(grjf ), we have 

gdiF,5) = 9igF,Adig)S), 

where Ad{g)S = gSg~^. 

1.2.7. For F G L'(gr^), 5 G and s G spl(W^), the element s(9{F,5)) of D 
belongs to Dgpi if and only if 5 = 0. 

1.2.8. Remark. The results in this section §1.2 are valid for W defined over R, i.e., 
without assuming W being defined over Q. 

1.2.9. We consider Example I-Example V in 1.1.1. For these examples, C{F) — 
'~ (F) C £ in 1.2.1 is independent of the choice of F G D(gr^), and we denote it 

simply by L. By Proposition 1.2.5, we have a real analytic presentation of D 

(1) D ~ spl(W^) X i:>(gr^) X L. 

The relation with the complex analytic presentation of D given in 1.1.1 is as follows. 
We use the notation in 1.1.1. 

Example I. We have spl(VF) ^ R by assigning s G R to the splitting of W defined 
by 62 1-^ sei + 62, D(gr^) is one point, and L ~ R, 5 •H- d, by ^(62) = de[ (see 1.2.3). 

The relation with the complex analytic presentation £) ~ C in Example I in 1.1.1 
and the real analytic presentation (1) of D is as follows. The composition 

C ~ D ~ sp\{W) X L ~ R X R 

is given by 

z {s,d), z = s + id. 

We have conversely 

s = 'Rje{z), d — lm{z). 
This is because the C associated to 5 G L is equal to C-1,-1 = (1.2.3). 

Example II. We have spl(VF) ~ R^, s -H- (si, S2), by 5(63) = siCi + S262 + 63, and 
s{e'j) = Bj {j — 1, 2), and have L = 0. 

The relation with the complex analytic presentation Z) ~ f) x C in Example II in 
1.1.1 and the real analytic presentation (1) of D is as follows. The composition 

X C ~ D ~ spl(W^) X i:>(gr^) ~ R2 X f) 
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is given by 

(r, -H- ((si,S2),t), with z = si - S2T. 



We have conversely 



Example III. We have spl(VF) ~ R^, s (si, S2), by s{e'^) = siei +8262 +63, and 
s(e^) = ej {j — 1, 2), and have L ~ R^, S <H- (di, ^2), by 5(63) = die'i + ^262- 

The relation with the complex analytic presentation D ~ f) x in Example III in 
1.1.1 and the real analytic presentation (1) of D is as follows. The composition 

{) X ~ D ~ spl(^y) X D{gj:^) X L ~ r2 X f) X R2 

is given by 

(2) (r, zi, Z2) O ((si, S2), T, (di, ^2)), 



where 
(3) 



/ Re(T) A ^ Re(T)2 + Im(T)2 ^ 
^^ = ^^+(2mlM+r^ 2Imrr) 



.2Im(T) / 2Im(T) 

1 ^ / Re(T) \^ 



We have conversely 

di = Im(2;i), d2 = Im(2;2), 
^ / ^ R-efr) , , , Re(T)2 + Im(T)2 

1 -r / N Refr) 
= - 2M^'"^^"^^ + 2M^ 

We explain that the correspondence (2) is described as in (3) and (4). Write r = x+iy 
with J/ e R, y > 0. We have the Hodge decomposition of ^(63) e grlf3 c 

die' + d2e'2 = ^ + S, where A = ^i:i^(re[ + e'2), B = Z^l±^(fe[ + e'2), 

2yi 2yi 

with respect to the element F e D(gr^^) = D{gr^) corresponding to r G f). This 
shows that the (p, g)-Hodge component 5p^q of 5 is given as follows. 5p^q = for {p, q) ^ 
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(— 1, —2), (—2, —1), and 5_i,_2 sends 63 to A, and 5-2, -1 sends 63 to B. Since ({F, S) = 
-|5_i,_2 + |5_2,_i (1.2.3), this shows that C(-^)<^) sends eg to 

—dix + d2(x'^ + y'^) , -di + d2X , 
2y ' 2y 2 

Hence 5) = exp(— (^(F, 5)) exp(i(5)F is the decreasing filtration of gr^ characterized 
by the following properties. 0{F, 6)^ = 0, 6{F, = gr^, 6{F, 6)^ is generated over C 
by — f + idie'i + ^^262 + Cg, and 9{F, S)~^ is generated over C by 9{F, 6)^ and Te[ + 63. 
(3) follows from this, and (4) follows from (3). 

Example IV. We have spl(W) ~ R^, s ^ {sj)i<j<5, by s{e'i) = ei, 5(62) = 
sici + 62, 5(63) = 5261 + eg, and 5(64) = sgei + 5462 + sscg + 64, and have L ~ R, 
(5 o (i, by 5(64) = de'i. 

The relation with the complex analytic presentation I? ~ t) x in Example IV in 
1.1.1 and the real analytic presentation (1) of -D is as follows. The composition 

f) X ~ i:* ~ spl(VI^) X i:'(gr^) xL~R^x()xR 

is given by 

(r, zi, Z2, Z3) ^ ((si, . . . , S5), T, d), 

where 

Zi = SiT + S2, Z2 ^ S3 - S5{siT + S2) + id, Z3 ^ S4 - S5T. 

We have conversely 

Im(zi) , , Im(2i)_, , , 

S3 = Re{z2) - Re(2i), S4 = Re(2g) - ^^^^^('^)' 

_ Im(2:g) . ^ Im(2:i)Im(2:3) 

''--iMr)' 

This follows from C = C-i -i = (1.2.3). 

Example V. We have spl(VF) ~ R^, s ■<->■ {sj)i<j<e, by 5(64) = siei+S2e2+S3eg+e4, 
5(65) = 5461 + 8562 + Sees + 65, and s{ej) = ej {j = 1, 2, 3), and L = 0. 

The relation with the complex analytic presentation D ~ t)^ x [) x C'^ in Example 
V in 1.1.1 and the real analytic presentation (1) of D is as follows. The composition 

[)± X X ~ L» ~ spl(W^) X i:»(gr^) ~ R6 X ()± X {) 

is given by 

{to,Ti,Zi,Z2,Z3) ^ ((si,...,S6),To,Ti), 

where 

Zl = S1T1-S3TQT1+S4-S6TQ, Z2 = S2T1-2S3T0T1 + S5-2S6T0, Z3 = S1-S2T0 + S3TQ. 

From this we can obtain presentations of sj {1 < j < 6) in terms of tq, ti, zi, Z2, Z3, 
but we do not write them down here. 
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§2. The set i:»sL(2) 



§2.1. SL(2)-ORBITS IN PURE CASE 

We review SL(2)-orbits in the case of pure weight. We also prove some new results 
here. 

Let e Z and assume = i^cR and W^^i = 0. 

2.1.1. Let n > 0, and consider a pair (p, 99) consisting of a homomorphism 

p:SL(2,Cr^G'c 

of algebraic groups which is defined over R and a holomorphic map ip : P^(C)"^ — )■ D 
satisfying the following condition. 

<fi{9z) = p{gMz) for any ^ e SL(2, C)-, z e pi(C)-. 

2.1.2. As in [KU3], §5 (see also [KU2], §3), we caU {p,<p) as in 2.1.1 an SL{2)-orbit 
in n variables if it further satisfies the following two conditions (1) and (2). 

(1) ^ir) C D. 

(2) p*(fil?(5K2, C)®")) C fiF(,)(0c) for any z e P\Cr and any p e Z. 

Here in (1), P) = {x + | x, y G R, y > 0} C P^(C) as in 1.1. In (2), denotes the 
Lie algebra homomorphism sl{2, C)®"' qc induced by p, 

fil^(5[(2,C)®-) = {Xe 5l(2,C)®- I XieU C eU Fz^nC') (Vr e Z)}, 

where for a e P^(C), ^^(C^) = if r < 0, ^^^(C^) = ^ (j^ ifaeC, ^^(C^) = 
C (J^^, F^{C^) = for r > 2, and 

m^(0c) = {X eQc\ XF"" C F^'+P for aU r e Z} for F e £>. 

Proposition 2.1.3. Let {p,f) be as in 2.1.1. 

(i) The condition (1) in 2.1.2 is satisfied if there exists z G i)^ such that ip{z) e D. 

(ii) The condition (2) in 2.1.2 is satisfied if there exists z e P-^(C)"' such that 
p.(fil^(5l(2, C)®-)) C filj(,)(0c) for all p e Z. 

Proof. We prove (i). Any element z' of I)"' is written in the form gz with g G 
SL(2, R)^. Hence (p{z') = p{g)(p{z) e D. 
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We prove (ii). Any element z' of P-*^ (C)" is written in the form gz with g e SL(2, C)". 
Hence 

p,(fil^,(st(2, C)®")) = p*(Ad(^7) fil^(st(2, C)®")) = Ad(p(^7))p,(fil^(5[(2, C)®")) 
cAd(p(^))fif(^^(0c)=fiF(^,)(0c). □ 

2.1.4. We fix notation. Assume that we are given (p, as in 2.1.1. 
Let 

iV,-,y,-,iV+e0R (l<j<n), 

where ( )j means the embedding sl(2) — s[(2)®'^ into the j-th factor. 

Proposition 2.1.5. Let [p^ip] he as in 2.1.1. Fix F e ipiC"^). Then the condition (2) 
in 2.1.2 is satisfied if and only if 

(2') NjFP C F^-^ for anyl<j<n and any p e Zi. 

Proof. Since F = Lp{{zj)j) = exp('^^^-^^ ZjNj)(p{0) for some {zj)j G C", where 
= O'' G P^(C)"^, the condition (2') for F G (fiC^) is equivalent to the condition (2') for 
F = v?(0). Note that filg(5r(2, C)®'^) = if p > 2, that filo(5t(2, C)®") is generated as a 

C- vector space by the matrices (1 < J < n), that filo(5l(2, C)®"^) is generated 

as a C-vector space by filo(sl(2, C)®") and the matrices ^ ^ (1 < i < 't-), and 

that fil^(5t(2,C)®'") = 5t(2,C)®" if p < -1. Hence, by Proposition 2.1.3 (ii), the 
condition (2) in 2.1.2 is equivalent to 

Njip{0)P C (p{0)P-^, Yj(p{0)P C <^(0)P, N+ip{0)P C ^(0)^^+^ for any j, p. 

Hence, if the condition (2) in 2.1.2 is satisfied, then (2') is satisfied for F = (f{0). 

Assume that the condition (2') is satisfied for F = <^(0). We show that the condition 
(2) in 2.1.2 is satisfied. For any diagonal matrices gi,...,gn in SL(2, C), we have 
(fi'i, • • • ,gn)0 = and hence p{gi, . . . ,gn)'p{0) = ^p{0). From this, we have Yj(p{0)P C 
(p{0)^ for all j and all p G Z. It remains to prove Nj~Lp(0)P C (/^(O)^"'"^ for all j and all 
p G Z. The following argument is given in [U2], §2, in the case n — 1. By the theory of 
representations of s[(2, R)®"' and by the property IjV'(O)^ C <^(0)^ for any j and any 
p, we have a direct sum decomposition as an R-vector space 

-H'o.R = 0(a,6)6S ^a,b 

with S = {{a,b) G Z"^ x Z"^ | a > 6 > —a, a(j) = b{j) mod 2 for 1 < j < n}, having 
the following properties (l)-(4). Here, for a,6 G Z"^, a > b means a{j) > b{j) for all 
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^ < j <n. For I < j < n, let Cj be the element of Z"' defined by ej{k) = 1 ii k = j and 
ej{k) = if /c^ j. 

(1) On Pa, 6) Yj acts as the multiplication by b{j). 

(2) Let (a,b) e 5. If 60') -a{j), Nj{Pa,b) C Pa,6-2e,, and the map Nj : Pa,6 ^ 
-fo,6-2ej is an isomorphism. If b{j) = —a{j), Nj annihilates Pa,b- 

(3) Let (a, b) e /S. If ^ a{j), Nj~{Pa,b) C Pa,f>+2ej , and for some non-zero rational 
number c, the map N^' : Pa,b — > -fa,6+2ej is c times the inverse of the isomorphism 
Nj : Pa,b+2ej ^ Pa,b- K b(j) = a{j), 7V+ annihilates Pa,6- 

(4) For any p e Z, ^{0)p = ©(„,b)es ^ Pa,b,c- For any (a, 5) G S", Pa,b with 
the filtration ((/^(O)^ fl Pa,b,c)pez is an R- Hodge structure of weight w + Yl^=i ^U)- 

For (a, 6) G S such that 7^ by (2') with F = (p{0) and (4), the bijection 

Nj : Pa,b+2ej — -> Pa,b in the above (2) sends the {p + l,q + l)-Hodge component of 
Pa,b+2ej,c with p + q = w + Yl^=iKj) bijcctively onto the (p, q')-Hodge component 
of Pa,b,c for the Hodge structure in (4). Hence, by (3), Nj' sends the (p, q')-Hodge 
component of Pa,b,c with p+q = w + Yl^=i ^{j) onto the q'+l)-Hodge component 

of Pa,6+2e,,c- This provcs N+ip{OY C (^(0)P+i for any p. □ 

2.1.6. For 1 < j <n, define the increasing filtration W^^^ on Hq ji as follows. Note 
that 

where Yj acts on Vm as the multiplication by m{j). Let 

= 0meZ",m(l) + ---+m(j)<A;— u) ^'^i 

= (the part of Hq^h on which eigen values of li + \-Yj are < k — w). 

Here w is the integer such that Wyj — Hq ji and W^-i = as at the beginning of this 
section. 

Let s^^'' be the splitting of W^^^ given by the eigen spaces of Yi + \-Yj- That is, 

s^^^ is the unique splitting of W^^^ for which the image of gr^ ^ under s^^^ is the part 
of Hq h on which Yi + ■ ■ ■ + Yj acts as the multiplication by k — w for any /c G Z. 

Proposition 2.1.7. An SL{2)-orbit inn variables is determined by {{W^^^)i<j<ni 
This is proved in 3.10 of [KU2]. 

In 2.1.8 and 2.1.10 below, we characterize the splitting s^-'^ of VT^-') given in 2.1.6 in 
terms of the canonical splittings and the Borel-Serre splittings, respectively. 

Proposition 2.1.8. Let {p,(fi) be an SL{2)-orbit in n variables, and take j such that 
i ^ j ^ n. Let Uk G R>o (1 < A; < n), and assume yk > for j < k < n. Then 

(W^^\ ^{iyi-, . . . , iyn)) is a mixed Hodge structure, and s^^^ coincides with the canonical 
splitting (1.2.3, cf. 1.2.8) associated to this mixed Hodge structure. 
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Proof. Let F = (p{iyi, ipn), F' = (p{0, . . . , 0, iyj+i, iyn)- Then, F = exp(zyi7Vi+| 

\-iyjNj)F', {W^^\F) is an R-mixcd Hodge structure, {W'^^\F') is an R-split R- 

mixcd Hodge structure, and the canonical splitting of W^^^ associated to F' is given by 

Yi-\ \-Yj. We have 5(F) = yiiVi H \-yjNj. Since this 6 has only (-1, -l)-Hodge 

component, ( = by 1.2.3, and hence Yi + • ■ ■ + Yj is also the canonical splitting of 
W'^^^ associated to F. □ 

2.1.9. Let W' be an increasing filtration on iJ^R such that there exists a group 
homomorphism a : Gm,R — >■ such that, for A; e Z, = 0^<fe_^ -f^(w), where 
H{m) := {x e Ho^R \ a{t)x = f^x {t e R>^)}. 

We define the real analytic map 

spl^^, : D spl{W') 

as follows. Let P = (G^/)r be the parabolic subgroup of Gr defined by W {G° is 
the connected component of G as an algebraic group containing 1). Let P„ be the 
unipotent radical of P, and Sp the maximal R-split torus of the center of P/Pu- Let 
Gm,R — >■ Sp^ t I—)- (t'^~'^ on gr^ )k be the weight map induced by a. For F E let 
Kp he the maximal compact subgroup of Gr consisting of the elements of Gr which 
preserve the Hodge metric (Gf(»), •)wi where Cp is the Weil operator associated to F. 
Let Sp ^ P he the Borel-Serre lifting homomorphism at F, which assigns a E Sp to 
the element ap E P uniquely determined by the following condition: the class of Oi? in 
P/Pu coincides with a, and OKpicip) = ft^^j where Oxp is the Cartan involution at Kp 
which coincides with a,d{Cp) in the present situation ([KU3] 5.1.3, [KNUl] 8.1). Then, 
the composite r — )■ Sp — > P defines an action of G^^.r on -ffo.R: and we call the 
corresponding splitting of W the Borel-Serre splitting at F, and denote it by spl^/(F). 
It is easy to see that the map spl^/ : D — >■ spl(VF'), F i->- spl^/(F), is real analytic. 

Proposition 2.1.10. Let (p, (^) he an SL(2)-or6zt in n variables, let yj > {I < j < n), 
and let p = (f{iyi, ■ ■ ■ , iyn) £ D. Then 

s^^^ = s^\^M {l<j<n). 
See Lemma 3.9 of [KU2] for the proof. 

2.1.11. Let F be a finite dimensional vector space over a field and let W he an 

increasing filtration on E such that = E for w ^ and — for w <^Q. 

Recall ([D], 1.6) that for a nilpotent endomorphism of (F, VF'), an increasing 
filtration M on F is called a relative monodromy filtration of N with respect to W if 
the following two conditions are satisfied. 

(1) iV(Mfc) C Mfc_2 for any /c e Z. 

(2) induces an isomorphism gr^^.;, gr^' S^w-k S^S^' w e Z and any 
k>0. 
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If a relative monodromy filtration exists, it is unique and is denoted by M{N,W'). 
In the case W is pure, i.e., VK^ = E and = for some w, then M{N, W') exists. 

Let (p, v') be as in 2.1.1. For the family of filtrations in 2.1.6, we see that, for 
< J < /c < n, W^'^^ is the relative monodromy filtration of ^j<2<fe Ni with respect 
to W^^^ := W). 

For an increasing filtration W on E such that VF^ — ^ w ^ and VF^ = 
w <ti 0, define the mean value of the weights /x(VF') E Q of W and the variance of the 
weights a'^{W') eQofW by 

/^(W^O = E«,ez dim(grS^')«;/dim(E), 
<r\W') = E„,z dim(grr - n{W')f / dira{E). 

Proposition 2.1.12. Let N he a nilpotent endomorphism of {E, W) as in 2.1.11. ^45- 
sume that the relative monodromy filtration M — M{N, W') exists. Then the following 
holds. 

(i) ^iiM) = f,{W'). 

(ii) C72(M) > a^{W') unless M = W'. 
Proof. For each k, we have the equality 

(1) dim(grf ) = J2w dini(gr^' grf ) = J2w dim(grf gr^'). 

Taking J2k {■ ■ ■)k/ dim.{E) of (1), and using 2.1.11 (2), we obtain (i). Let fj, = 
H{M) = liiW'). By taking Y.k (-'Ol^ - /u)^/dim(£;) of (1), (n) is reduced to the 
inequality Ylik dk{k — //)^ > dk){w — fj,)^ unless dk = for any k w, where 

dk = dim(gr^gr^') for each w. This inequality is obtained again by using 2.1.11 

(2) . □ 

Proposition 2.1.13. Let {p,^p) he an SL(2)-orbit in n variables, and let W^^^ (1 < 
j < n) he as in 2.1.6. Let W'^^^ = W. 

(i) Let l<j<n. Then, W^^'^^ = W^^^ if and only if the j-th component SL{2, C) ^■ 

Gc of p is the trivial homomorphism. 

(ii) For 0< j <n, let a'^{j) = a'^{W^^'^) he as in 2.1.11 for the increasing filtration 
W^^"* on the H-vector space -f^o.R- Then, cj^(j) < cr'^{j') if < j < j' < n. 

(in) Let < j < n, < j' < n. Then, W^^^ = W^^'^ if and only if a^{j) = a'^if). 

The statement (i) was proved in [KU2] §3. The statements (ii) and (iii) follow from 
Proposition 2.1.12. 

2.1.14. Let (p, (f) be an SL(2)-orbit in n variables in pure case. Put = W. We 
define rank of (p, (p) as the number of the elements of the set {j \ I < j < n, W^^^ ^ 
^(i-i)}. 
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2.1.15. Example 0. Recall that in this case, D is identified with the upper-half 

plane {). Let p be the standard isomorphism SL(2, C) — )■ Gc, and let </? : P^(C) — )> D 
be the natural isomorphism in 1.1.1. Then {p,(p) is an SL(2)-orbit in one variable of 
rank 1. 

§2.2. NiLPOTENT ORBITS AND SL(2)-ORBITS IN PURE CASE 

We consider the pure case. Let w e Z and assume Wyj = Hq h and W^,-! = 0. 

2.2.1. Let F e D and let A^i, • • • , Ar„ be elements of Qr such that NjNk = NkNj 
for any j, k and such that Nj is nilpotent as a linear map i^OjR ~^ -f^o.R for any j. 

We say that the map 

C^^b, {z^..., zn) ^ exp(E;=i ZjNj)F 

is a nilpotent orbit if the following conditions (1) and (2) are satisfied. 

(1) exp(X;"=i ZjNj)F eDif Iin{zj) > for aU j. 

(2) NjF^ C FP~^ for any j and any p. 

In this case, we say also that (A''!, . . . , Nn, F) generates a nilpotent orbit. 

2.2.2. Assume that (iVi, . . . , Nn, F) generates a nilpotent orbit. By [CK], for yj E 

R>o, the filtration M{yiNi H l-y^Nn, W) (2.1.11) depends only on the set {j \ yj ^ 

0}. For 1 < J < n, let W^^'^ = M{Ni H + A^^, W). 

2.2.3. Assume that [Ni, . . . , N^, F) generates a nilpotent orbit. Then by Cat- 
tani, Kaplan and Schmid [CKS], an SL(2)-orbit {p,ip) is canonically associated to 
{Ni, . . . , Nn, F). (The homomorphism p is given in [CKS] Theorem 4.20 and (p is 
defined by ^(^^0) = p{g)F {g e SL(2,C)"), where = 0" e pi(C)".) By [KNUl], 
this SL(2)-orbit is characterized in the style of the following theorem. 

Theorem 2.2.4. Assume that (Ni, . . . , N^, F) generates a nilpotent orbit. 

(i) ([KNUl], 8.7) Let 1 < j < n. Then, when yk £ R>o ond yk/yk+i — >■ oo (1 < 
k < n, j/n+i means 1), the Borel-Serre splitting sp\^(j){exp{Y^^^.^^iykNk)F) converges 
in spl(W(^)). 

Let s(^) e spl(W^(-?)) be the limit. 

(ii) There is a homomorphism r : — )■ AutR(i7o,R) of algebraic groups over R 
characterized by the following property. For any 1 < j < n and any k E Z, we have 

s^^'^gr^'"') = {ve ifo,R I rj{t)v = t^v for any t G R""}, 

where Tj : G^^r, — >■ AutR,(iyo,R) is the j-th component of t. 

(iii) There exists a unique SL{2)-orbit {p,(fi) in n variables characterized by the fol- 
lowing properties (1) and (2). 
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(1) The associated weight filtrations W^^^ (1 < J < n) are the same as in z.z.z. 

(2) is the limit in D of 

^(\r^' • • • ' \r^) e^P(S?=i WjNj)F {yj > 0, Vj/yj+i ^ oo (1 < J < n)) 

^\ yi S Un ^ 

[i/n+i means 1), where r is as in (ii). 

(iv) The associated torus action p ([KU2] 3.1 (4)) of [p^tp) and the homomorphism 
T in (ii) are related as follows: T{ti, . . . , t^) = (11^=1 ^j)^P{^ij • • • > ^n)- 

2.2.5. Example 0. Let iN,F) be as follows. N{e2) = ei, iV(ei) = 0, F = F{z) 
with 2; e z • R in the notation of 1.1.1. Then {N, F) generates a nilpotent orbit, and the 
associated SL(2)-orbit is the one in 2.1.15. 

In fact, exp{iyN)F = F{z + iy)^ and r(t) in 2.2.4 (ii) sends ei to t~^ei and 62 to 62- 
Hence T{l/-syy)~^ exp{iyN)F — F{(z + iy)/y) F{i) as y ^ 00. 

2.2.6. Assume that {N,F) generates a nilpotent orbit in the pure case in 2.2.1 
for n = 1. Let W^^^ = M{N,W) be as in 2.2.2. Then {W^^\F) is a mixed Hodge 
structure, and the splitting s^^^ of W^^^ given by the SL(2)-orbit (2.1.6) associated to 
(A^, F) coincides with the canonical splitting of W^^'' associated to F (1.2). 

2.2.7. More generally, for any mixed Hodge structure, its canonical splitting (1.2) 
is obtained as in 2.2.6 by embedding the mixed Hodge structure into a pure nilpotent 
orbit. 

In fact, let (M, F) be a mixed Hodge structure on an R- vector space V. Let k be 
an integer such that all the weights of (M, F) are not greater than k. It is shown in 
[KNUl] that there exist an R-vector space V , an R-linear injective map q : V ^ V' , 
a nilpotent endomorphism N of V , and a decreasing filtration F' on V^^ such that the 
pair (A, F') generates a nilpotent orbit on V' in the pure case of weight k in 2.2.1 for 
n = 1, which satisfy the following conditions. 

Let W be the trivial weight filtration on V of weight k, and let W'^^^ = M{N, W) 

be as in 2.2.2. Then, {V,M,F) A {V',W^^\F') A {V ,W^^^ [-2], F '{-!)) is an 
exact sequence of mixed Hodge structures, where [—2] is the shift by —2 and (—1) is the 
Tate twist by —1, and the restriction of the splitting s^^^ of W^'^\ given by the SL(2)- 
orbit associated to (A, F') on V', to Ker(A : gr^^^"* gr'^'^^'t"^]^ ~ gj.-'^ coincides 
with the canonical splitting of M on V associated to F. 

For the proof, see [KNUl], §3. 

§2.3. SL(2)-ORBITS IN MIXED CASE 



Now we consider the mixed version of §2.1. Let W be as in Notation. 
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2.3.1. For n > 0, let 'Z^sl(2) n pairs ((p^t,, <^w)wez, r), where (pwi'Pw) 
is an SL(2)-orbit in n variables for gr^ for each it; G Z, and r is an element of D such 
that r(gr^) = for each w e Z. Here i = (i, . . . , i) e C pi(C)^. 

2.3.2. Let X>sL(2),n be the set of all triples ((p^;, <^u;)^yez, r, J), where ((pw, ¥'w)u)GZ, r) e| 
■^SL(2) n J is a subset of {1, ... , n} satisfying the following conditions (1) and (2). 
Let 

J' = {j \ 1 < j < n, there is w e Z such that the j-th component 

SL(2) — > Gji(gr^) of pw is a non-trivial homomorphism}. 

(1) If r e L>spi, J = J'- 

(2) If r e -Dnsph either J = J' or J = J' \J {k} for some k < min J'. 
Let 

^SL(2) = Un>0 ^SL(2),n- 

We call an element of I^sL(2),n cin SL(2)-or6zt m n variables, and an element of X'sl(2) 
an SL{2)-orbit. Note that, in the pure case, J is determined uniquely by {pw)w since 
D = L>,pi. 

We call the cardinality of the set J the rank of the SL(2)-orbit. 

2.3.3. Let I^sL(2),n,ti ^SL(2),n be the set of all SL(2)-orbits in n variables of rank 

n. 

For an element iiPw,<fw)w,r,J) of X'sL(2),n,tt: J = Hence, by forgetting 

J, the set X'sL(2),n,tt i^ identified with the subset of I'sl(2) n (2-3.1) consisting of all 
elements {{pw,'Pw)wi^) satisfying the following conditions (1) and (2). 

(1) If 2 < J < n, there exists w E Z such that the j-th. component of pw is a 
non-trivial homomorphism. 

(2) If r e Dgpi and n > 1, there exists w e Z such that the 1-st component of p^, is 
a non-trivial homomorphism. 

As is seen later in §2.5, for the construction of the space -Dsl(2)7 it is sufficient to 
consider SL(2)-orbits in n variables of rank r with r = n. We call this type of SL(2)- 
orbit a non-degenerate SL{2)-orbit of rank n, or for simplicity, an SL{2)-orbit of rank 
n, and we regard it as an element of 'C'sl(2) n- 

On the other hand, the generality of the definition in 2.3.2 with the aiixiliary data 
J is natural in 2.4 when we consider the relations with nilpotent orbits. 

2.3.4. If((p r, J) is an SL(2)-orbit in n variables of rank r, we have the 
associated SL{2)-orbit {{p'^^, ip'^)w,r) in r variables of rank r, defined as follows. Let 
J = {a(l), . . . , a(r)} with a(l) < • • • < a(r). Then 

Pwi9a{l), ■ ■ -igair)) '■= Pw{gi, ■ ■ • ,^n), <fiwiM'^)^ ■ ■ • ) ^a(r)) := <fwizi, ■ ■ .,Zn). 
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Note that, for any e Z, factors through the projection SL(2)"^ — )■ SL(2)'^ to 
the J-component, and (/j^ factors through the projection P^(C)" — )■ P^(C)''^ to the 
J-component, and hence {p^, (fiw)w is essentiaUy the same as (p^, (fi'^)w 

2.3.5. Associated torus action. 

Assume that we are given an SL(2)-orbit in n variables {{pw,fw)w,T^, J)- 
We define the associated homomorphism of algebraic groups over R 

as follows. Let Sr : gr^ — > -f^o,R be the canonical splitting of W associated to r (§1.2). 
Then 

T{ti,...,tn) =SrO (^0^£z ( 11^=1 ^j) Pw{9l, ■ ■ ■ , Qn) OH gr^ ) o s'^ 

For 1 < j < n, let Tj : G^^r, AutR(iyo,R) W) be the j-th component of r. 

Remark. The induced action of r(t) {t G R>o) on D is described as follows. For 
s{e{F,S)) e D with s e spl(W^), F e i:>(gr^), 5 e C{F) (1.2.5), we have 

T(t)5(^(F,5)) = .'(^(F',50) 

with s' = T{t)sgT^{r{t))~\ F' = gT^{T{t))F, 5' = AdigT^ {T{t)))S. 

2.3.6. Associated family of weight filtrations. 

In the situation of 2.3.5, for 1 < j < n, we define the associated j-th weight filtration 
W^^'' on -ffcR as follows. For A; G Z, W^''^ is the direct sum of {x e Hq^h \ Tj{t)x = 
t^x {yt en"")} over alii <k. 

By definition, we have VF^"''* = J2wez ^^(^k^ i^^^))^ ^k^S^^) coincides with 
the k-th filter of the j-th weight filtration on grj^ associated to the SL(2)-orbit (p^,, (fyj) 
in n variables. 

Proposition 2.3.7. (i) An SL{2)-orbit inn variables {{pw,'Pw)wi'<'^i J) is uniquely de- 
termined by {{W'^^\gr^))i<j<n,r, J). 

(ii) An SL{2)-orbit in n variables {{pw, 'Pw)w, r, J) is uniquely determined by (r, r, J). 

Proof, (i) In the pure case, this is Proposition 2.1.7. The general case is clearly 
reduced to the pure case. 

(ii) follows from (i) , since the family of weig ht filtrations (l^(^)(gr^)) 

i<j<n is deter- 
mined by T. □ 
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Proposition 2.3.8. Let {{pw, 1", J) he an SL(2)-or6zi in n variables, and let W'^^^ 

{l<j< n) he as in 2.3.6. Let W^^^ = W. 

(i) Let 1 < j < n. Then W^^'' = W^^~^'> if and only if for any w E 7i, the j-th factor 
SL(2, C) — > Gc(grS^) of Pw is the trivial homomorphism. 

(ii) For < j <n, let a\j) = E^^z (T^W^^^gr^)), where a\W(^\gT^)) is 
the variance (2.1.11) of the increasing filtration W^^\gr^) on the "R-vector space gr^ ■ 
Then, a\j) < a''{j') if < j < f < n. 

(iii) LetQ <j <n, < j' < n. Then, W^^^ = W^^'^ if and only ifa^{j) = a'^if). 

Proof. This is also reduced to the pure case Proposition 2.1.13. □ 

2.3.9. We describe what kind of SL(2)-orbits of positive rank exist in Example 
I-Example V. We consider only an SL(2)-orbit in r variables in rank r, hence J = 
{1, . . . , r} in the following (2.3.3). 

Example I. Any SL(2)-orbit of rank > is of rank 1. An SL(2)-orbit in one 
variable of rank 1 is {{pw, Vw)wi r), where p^ is the trivial homomorphism from SL(2) 
to G-^{gT^) and (fyj is the unique map from P"'^(C) onto the one point set D(gr^), and 
r is any element of -Dnspi = C \ R. We have W'^'^^ — W . Later we refer to the case 
r = F{i) e D (i.e., v^ieC = D)as Example I in 2.3.9. 

Example II. Any SL(2)-orbit of rank > is of rank 1. An SL(2)-orbit in one variable 
of rank 1 is {{pw^ Vw)wi r), where (p^u, (pw) is of rank for w 7^ —1, and (p-i, f-i) is of 
rank 1. An example of such SL(2)-orbit is that (p_i,(/7_i) is the SL(2)-orbit in 2.1.15, 
and r = F{i, z) in the notation of 1.1.1, Example II. For this SL(2)-orbit, W^^^ is given 

by 

= c W'^^l = W^^l = Rei C W^^^ = i^cR. 

Example III. There are three cases for SL(2)-orbits in r variables of rank r > 0. 
For any of them, (p^, V'w) is of rank unless w — —3. 

Case 1. r = 1 and (p_3,(/7_3) is of rank 1. An example of such SL(2)-orbit is given 
as follows. {p-s,ip-s) is (p, (/^(l)) of 2.1.15 (we identify D{gr^^) with P"''(C) via the 
Tate twist), and r = F{i,zi,i) for zi e C (1.1.1). For this SL(2j-orbit, 

W'i^ = C W[^} = W^^^ = Rei C W^iV = W'il = W'ii + Res C W^^^ = i^o.R. 

Case 2. r = 1 and (p-3, (f-s) is of rank 0. An example of such SL(2)-orbit is given 
as follows. p_3 is the trivial homomorphism onto {1}, and (/?_3 is the constant map 
with value i G f) = D{gr^^), and r = F{i,zi,Z2) with {zi,Z2) G \ R^. For this 
SL(2)-orbit, = W. 

Case 3. r = 2 and (p_3, ^.3) is of rank 1. p_3 : SL(2, C)^ ^ G'c(gr^3) = SL(2, C) 
factors through the second projection onto SL(2, C), and (p-3 : P^(C)^ D{gr^^) = 
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P^(C) factors through the second projection onto P-^(C). An example of such SL(2)- 
orbit is given as follows, psigi, 92) = 92, ^-3{pi,P2) = P2, and r = F{i, zi, Z2), where 
{zi,Z2) e C^xR^. For this SL(2)-orbit, W^^^ = W and M^^^) is the W^^^ in the example 
in Case 1. 

Example IV. There are three cases for SL(2)-orbits in r variables of rank r > 0. 
For any of them, (p^j fw) is of rank unless w = —1. 

Case 1. r — 1 and (p-i, <P-i) is of rank 1. An example of such SL(2)-orbit is given as 
follows, (p-i, (fi-i) is the standard one (which is identified with (p, (p) in 2.1.15 by the 
identification of 62,63 here with 61,62 there), and r = F{i, zi, Z2, z^) for 2:1, 2:2,-23 £ C 
(1.1.1). For this SL(2)-orbit, 

Case 2. r = 1 and (p-i, <^-i) is of rank 0. An example of such SL(2)-orbit is given 
as follows, p-i is the trivial homomorphism onto {1}, and (f-i is the constant map 
with value i G f) = D{gr^i), and r = F{i, zi, Z2, Zs) with Im(2;2) 7^ Im(2;i)Im(23) (the 
last condition says F(i, zi, ^2, -23) G -Dnspi)- For this SL(2)-orbit, W^^^ — W. 

Case 3. r = 2 and (p_i,(/7_i) is of rank 1. p_i : SL(2, C)^ — )■ Gc{g^^i) factors 
through the second projection onto SL(2,C), and ^p-i : P^(C)^ — )■ D{gr^^) = P^(C) 
factors through the second projection onto P^(C). An example of such SL(2)-orbit 
is given as follows. p_i(^i,^2) = 92, (p-i{pi,P2) = P2, and r = F{i, zi, Z2, zs) with 
Im(^2) 7^ Im(^i)Im(^3). For this SL(2)-orbit, W^^^ = W and W^^^) ^j^^ ^(i) ^^le 
example in Case 1. 

Example V. There are five cases for SL(2)-orbits in r variables of rank r > 0. For 
any of them, (p^y, (p^j) is of rank if it; ^ {0, 1}. 

Case 1 (resp. Case 2). r = 1 and {po^po) is of rank 1 (resp. 0), and (pi,<^i) is of 
rank (resp. 1). An example of such SL(2)-orbit is given as follows. (po,99o) (resp. 
(pi,</^i)) is (Sym (p),Sym ((^)(— 1)) (resp. (p, (/?(— 1))) for the standard (p, v') in 2.1.15 
via a suitable identification, where (—1) means the Tate twist, and r = F{i, i, zi, Z2, zs) 
for 2:1, 2:2, 2:3 e C. For this SL(2)-orbit, 

W^^ = C W^^ = w!il = Rei C Wl)^'^ = W^IV + ^-62 

C Wi^^ = W^^'^ + R64 + R65 C W^^^ = Ho,ji 

(resp. W^IV = C W^^'^ = Wi^'^ = Rei + Re2 + Res + Re4 C W^^'^ = Ho^n)- 

Case 3. r = 1, and both {po,(po) and {pi.pi) arc of rank 1. An example of such 
SL(2)-orbit is given as follows, po = Sym^(p), ipo = Sym^((/?)(— 1), pi = p, ipi = (p{—l) 
for the standard {p,(p) in 2.1.15 via a suitable identification, and r = F{i,i, zi, Z2, z^) 
for 21,^2,^3 G C. For this SL(2)-orbit, 

= C W^iy = ^-1 = C W^^^ = Wi^'^ = W^iV + 1^62 + R64 C W^^^ = Ho,Ti. 
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Case 4 (resp. Case 5). r = 2, both (po,<^o) ^ind (pi,<^i) are of rank 1, po • 
SL(2, C)^ — )• Gc(gro^) factors through the first (resp. second) projection onto SL(2, C), 
(fiQ : P^(C)^ — 7- Z)(grQ^) factors through the first (resp. second) projection onto P^(C), 
pi : SL(2, C)^ — > G'c(gri^) factors through the second (resp. first) projection onto 
SL(2,C), and (^i : P^(C)^ — )> D{gr]^) factors through the second (resp. first) projec- 
tion onto P^(C). An example of such SL(2)-orbit is given as follows. For j = 1 (resp. 2), 
Poi9i,92) = Sym^igj), ipo{puP2) = Pj e P^(C) ~ £>(grS^) (of. 1.1.2), pi{gi,g2) = 
</'i(Pi,P2) =P3-j(-l) e P^C) ~ £>(gr5^), and r = F(i, i, ^i, ^2, ^3) with 2;i , ^2 , ^3 e C. 
For this SL(2)-orbit, W^^^ is the VF^^^ in the example in Case 1 (resp. Case 2) and VF^^^ 
is the W^^') in the example in Case 3. 

§2.4. NiLPOTENT ORBITS AND SL(2)-ORBITS IN MIXED CASE 

2.4.1. Let Nj e 0R (1 < j < n) and let F e D. We say (iVi, . . . , Nn, F) generates a 
nilpotent orbit if the following conditions (l)-(4) are satisfied. 

(1) The R-linear maps Nj : ifo.R Hq h are nilpotent for all j, and NjNf. = Nf-Nj 
for all j,k. 

(2) If yj > (1 < j < n), then exp(^"^^ WjNj)F e D. 

(3) NjFP C FP~^ for all j and p (Griffiths transversality). 

(4) Let J be any subset of {l,...,n}. Then for yj e R>o (j € J), the relative 
monodromy filtration M{^-^jyjNj^ W) (2.1.11) exists. Furthermore, this filtration is 
independent of the choice of yj G R>o- 

In the pure case, by 2.2.2, (A''!, . . . , A^^, F) generates a nilpotent orbit in this sense 
if and only if it does in the sense of 2.2.1. 

Let Pniip.n be the set of all (A^i, . . . , A^„, F) which generate nilpotent orbits. 

For (ATi, • • • , Nn, F) e X>niip,n, we caU the map {zi,...,Zn) exp(X)"=i ZjNj)F a 
nilpotent orbit in n variables. 

In the terminology of Kashiwara [K], 2^niip,n is the set of all (A'^i, . . . , A^^, F) such that 
(ifo,c; Wc', F, F; Ni, . . . , N^), with F the complex conjugate of F, is an "infinitesimal 
mixed Hodge module" . 

We will prove the following results 2.4.2, 2.4.3, and 2.4.5. (i) of 2.4.2 was already 
proved in Theorem 0.5 of our previous paper [KNUl]. 

Theorem 2.4.2. Let {Ni, . . . , N^, F) G ^^niip,n- For each w E Z, let (pw^'^w) be 
the SL{2)-orbit in n variables for gr^ associated to (gr|^(A''i), . . . , gr^ (Nn), F(gr|^)), 
which generates a nilpotent orbit for gr^ (2.2.3). Let k = min({_7 \ 1 < j < n, Nj ^ 
0}U{n+l}). 

(i) Ifyj e R>o and yj/yj^i — >■ 00 (1 < j < n, j/n+i means 1), the canonical splitting 
spl^(exp(^"^j^ zyjA/j)F) of W associated to ^^piYl^=iWj-^j)F (1.2.3) converges in 
spl{W). 
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Let s e spl(VF) be the limit. 

(ii) Let T : GJ^ — > AutR,(iyo,R, W) be the homomorphism of algebraic groups de- 
fined by 

r{ti,...,tn) = so i^^^z {{U'^^itjV Pwigi, ■ ■ ■ , 9n) on grj^)) os'^, 

where gj is as in 2.3.5. Then, as yj > 0, yi = ■ ■ ■ = y^, yj/yj+i oo (k < j < n, j/n+i 
means 1), 

converges in D . 

Let ri E D be the limit. 

(iii) Let 

J' = {j \ I < j < n, the j-th component of p^] is non-trivial for some w e Z}. 
Let J = J' = % if k = n -\- 1, and let J — J' U {k} if otherwise. Then 

iiPw,<fiw)w,ri,J) e 2^SL(2),n- 

(iv) The family of weight filtrations (2.3.6) and the torus action (2.3.5) associated to 
{{pw, <fw)w, ri, J) coincide with {M{Ni H — • + Nj, W^))i<j<n ond r in (ii), respectively. 

We prove this theorem later in 2.4.8. 
By this theorem, we have a map 

1p ■ ^nilp.n ^SL(2),n, (-^1, ■ ■ ■ , N^, F) {{pw, <Pw)w,ri, J), 

(for the notation, see 2.4.1, 2.3.2). For p G Vniip,ni we call ijj{p) G I'sL(2),n the SL(2)- 
orbit associated to p. Note that this definition is slightly diff'erent from that in [KNUl], 
0.2. Note also that though in the definition of a nilpotent orbit in 2.4.1, the order 
of A^i, . . . , Nn in (A'"!, • • • , F) is not important, when we consider the SL(2)-orbit 
associated to {Ni, • • • , Nn, F), the order of Ni,. . Nn becomes essential. 

Even when k — 1, the ri in 2.4.2 (ii) is not r but exp(eo)r in the main theorem 0.5 
of [KNUl]. Note that the s in 2.4.2 (i) coincides with spV(ri) (1.2.3). 

Proposition 2.4.3. Let (iVi, . . . , N^, F) G Pniip.n, and let W^^^ = M{Ni + - ■ ■+Nj, W) 
for 1 < j < n (cf. 2.2.2 in the pure case). Let k = min({j | 1 < j < n, Nj ^ 
0} U {n + 1}). Then the following two conditions (1) and (2) are equivalent. 

(1) For any k < j < n, {W^^\exp(Y^^=j+i iNi)F) is an H-split mixed Hodge struc- 
ture. 

(2) For any k <j<n and for any yi G R>o {j<l< n), {W'^^\exp{jy^^j^-^iyiNi)F) 
is an R-split mixed Hodge structure. 

We prove this proposition later in 2.4.9. 

2.4.4. Let I^niip,SL(2),n C Vniip,n be the set of aU {Ni, . . . , N^, F) G Vni\p,n which 
satisfy the equivalent conditions in 2.4.3. 

For example, ^^niip,SL(2),i is the set of all {N,F) G X'niip,! such that N = or 
{M{N, W), F) is an R-split mixed Hodge structure. 
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Theorem 2.4.5. For p = {Ni, . . . , Nn, F) e X>niip,n, let k = min({j \ 1 < j < n, Nj 

0}U{n + l}) and let (p{p) = (A^i,--- , iVfc, iY^^^, . . . ', A^^, F'), where F' = Fifk = n + l 
and F' = Fi^^) if otherwise. {N^ ^ Qn {k < j < n), e D are as in [KNUl], 

10.1-10.2. We review these objects in 2.4.6-2.4.7 below.) 

(i) Forpe Vniip^n, we have 4>{p) e I'niip,n and (l>{(l>{p)) = (l>{p). 

(ii) ^nilp,SL(2),n = {P ^ ^nilp,n | =?}■ 

(iii) The map : 'Pniip,SL(2),n ~^ ^SL(2),n injective. This map is described via 
2.3.7 as follows. For p = {Ni, . . . , iV„, F) G I'mip,SL(2),nj the family of weight filtrations 
associated to t/^^p) is given as in Theorem 2.4.2 (iv), ri = exp(iA^i + ■ ■ ■ + iN„,)F, and 
J ^ {j \ I < j < n,Nj ^ 0}. If J ^ {a(l), . . . , a(r)} (a{l) < ■ ■ ■ < a{r) ) and if p' 
denotes {N^^i), ■ ■ ■ , -^a(r)7 F), i^ip') coincides with the SL{2)-orbit in r variables of rank 
r associated to ip{p) (2.3.4). 

(iv) In the pure case, the map i/j : ^^niip,SL(2),n ~^ ^SL(2),n bijective. The converse 
map is given by (p, (p) i->- {Ni, . . . , N^, <^(0)), where Nj is the operator associated to p 
in 2.1.4. 

(v) The map Ip : I>nilp,n ^SL(2),n factors as X>nilp,n ^nilp,SL(2),n ^ ^SL(2),n- 

(vi) Assume p = {Ni, . . . , N^, F) e 'r'niip,SL(2),n- Let 

V'(p) = {{pw,<Pw)w,ri,J) 

(2.4.2), and let {W^^'^) i<j<n be the family of weight filtrations associated to ip{p). Then 
(W^^\ri) is a mixed Hodge structure for 1 < j < n, and p is recovered from ip{p) by 
the following (1) and (2). 

(1) Let k = min(J U {n + 1}). For 1 < j < k, Nj = 0. For k < j < n, 
Y^i^t^Ni = s(^)5(Vr(j),ri)(s(-'))-S where s^^) is the s^.-lift (cf. 2.4.6; see 2.3.5 for 

SrJof{s^^^ of {pw,iPw))w 

(2) Ifk = n+1, F = vi. If otherwise, (W^'^\ F) is the H-split mixed Hodge structure 
associated to the mixed Hodge structure (W^'^^ri). 

We prove this theorem later in 2.4.10. 

The injection i/j : I^niip,SL(2),n ~^ ^SL(2),n need not be surjective though it is bijective 
in the pure case (2.4.5 (iv)). See 2.4.11 Example III. 

Some readers may prefer to define an SL(2)-orbit as an element of |Jn ■^niip,SL(2),n5 
not using l^sL(2),n- The reason why we use the set X'sL(2),n is that the space -Dsl(2) 
of the classes of SL(2)-orbits defined by using 'DsL(2),n has nice properties (3.5.15, for 
example) . 

We now give preparations for the proofs of 2.4.2, 2.4.3, 2.4.5. 

2.4.6. Let {Ni, . . . , Nn, F) e X>niip,n- In the following, we review an alternative 
construction of s,t and ri by a finite number of algebraic steps, not by a limit. In 
particular, we review the definition of . 
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For < j < n, we denote M(X)i=i Nk,W) by W^^\ In particular, VT^") = W. 

For < j < n, we define an R-split mixed Hodge structure {W^^\F(^j)) and 
the associated splitting s^^^ of W^^^ inductively starting from j = n and ending at 
j = (see [KNUl] 10.1; in the pure case, see [CKS]). Note that, in the definition 
of mixed Hodge structure, we do not assume that the weight filtration is rational 
(cf. 1.2.8). First, {W^'^\ F) is a mixed Hodge structure as is proved by Deligne (see 
[K], 5.2.1). Let {W^'^\F(^n)) be the R-split mixed Hodge structure associated to the 
mixed Hodge structure (Vr("),F). Then (W^^^-^), exp(z7V„)F(„)) is a mixed Hodge 
structure. Let {W^'^~^\ F(^n_i^) be the R-split mixed Hodge structure associated to 
{W^^-^\exp{iNn)F^n))- Then (VT^'^-^), exp(iiV^_i)F(^_i)) is a mixed Hodge struc- 
ture. This process continues. In this way we define inductively as the R-split mixed 
Hodge structure associated to the mixed Hodge structure {W^^\ exp(iA''j_|_i)F(j_|_i)) and 
define s^^^ to be the splitting of W^^^ associated to The splitting s in 2.4.2 (i) is 
nothing but s^") ([KNUl] 10.1.2). 

Thus we have s(^) = spVo) (exp(ziV,+i)F(,+i)), = s(^)((exp(ziV,+i)F(,+i))(gr^*'')) 

(A^^_i_i 0, F(^n+i) '■= F). We also have ri = exp{iNk)F(^i^^, where k — min({j | 1 < 
j < n, Nj ^ 0} U {n + 1}) (cf. 2.4.8). 

These s^^^ {0 < j < n) are compatible in the sense that we have a direct sum 
decomposition 

^o,R = e,ez"+i <k, where = n;=o ^^^Hgr.^-f )• 

This compatibility is expressed also in the following way. Let 

Tj : G^,R ^ AutR(ifo,R, W) (0 < J < n) 

be the homomorphism of algebraic groups over R characterized as follows. For o e 
R^ and w G Z, Tj{a) acts on s'^^\gr^'^^^ ) as the multiplication by . Then the 
compatibility of s^^^ (0 < j < n) in question is expressed as the fact that Tj{a)Tk{b) = 
Tk{b)Tj{a) for any j, k and any a, 6 e R>o- Let 

T(a) = U]=i foi" « = Mi e R>o- 

This T coincides with the r in 2.4.2 (ii). Note also that s^^^ is the s-lift of {s^^^ of {pw, ^ 
that is, it coincides with the composite gr^ ^ = 0^ gr^*^^ (gr|^) — > 0^^, gr^ — > -f^o.R, 
where the first arrow is the sum of the splittings s^^^ on grj^ with respect to {pw, ^w)- 
In [KNUl], 10.3, we denoted Tj{^/a)~^ for a e R>o by t''^\a), and t{{^ a j j^i / a for 
a = {aj)j e R^o («n-Hi := 1) by t{a). 

Any h e 0r is decomposed uniquely in the form 
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Proposition 2.4.7. Let the notation be as above. 

(i) Letl<j <n and let 9 = (^(/c))o<fc<n e Z^+^ (Oik) E Z). Then Nf^ = unless 
d(k) = -2 forj <k<n. 

(ii) Let 1 < j < n, and define Nj {resp. N^^, resp. iVj) to be the sum of Nj^\ where 
9 ranges over all elements of Z"^+^ such that 9{k) — for < k < j — 1 {resp. for 
^ k < j — 1, resp. for k = j — 1). Then 

iV, = iVj. 

Consequently, 

Nf" = Nj for 2<j<n, N^ = Ni. 

(iii) NjNk = NkNj ifl<j <k<n. 

(iv) NjNk = NkNj and iVf iV^ = N^N^ for all j, k. 

(v) Assume 1 < j < k < n. Then {W^'^\ F(^j)) is a mixed Hodge structure. The R- 
split mixed Hodge structure associated to {W^'^^ ^(j)) ^-^ {W^''\ -F(/fc)), {s^'^'^)~^ Ngs^'^'^ and 
(s(fc))-iiV^s(fc) belong to L^^~\W^''\F^k)) (1-2.1) for all £ < k, and S{W^''\F^j)) = 
{s^''^)-KEj<e<kNe)s^''^. 

Remark 1. Thus (ATf , . . . , N^) is nothing but (A^i, iVa, . . . , iV^). In [KNUl], (ii) of 
the above proposition was not recognized so that we did not unify the notation Nj" and 

Remark 2. In the case j > k, NjNk = NkNj in 2.4.7 (iii) need not be true. For 
example, in Example III in 1.1.1, if we take in 2.4.11 III below as Nj for 1 < j < n 
and take F in 2.4.11 III, then Ni sends ei and 63 to zero and 62 to ei, so NjNi = 
but NiNj is not zero for any j. (On the other hand, in this example, Nj = for j > 2 
and hence NiNj = NjNi is trivially true for j > 2.) 

Proof of Proposition 2.4.7. (i) is explained in [KNUl], 10.3. We give the proofs of 
the remaining statements. 

Let 1 < j < n. By [KNUl], 10.1.4, F(j) = s{(p{{Oy x {O"""^))- Here s is the splitting 
of W associated to ri. From this, we have 

(1) F(,) coincides with s^'^HS^ F(,)(grS'''')) if < < j. 

By (1) and by {s^^^)-^NkS^^'^ E L^^'~^ {W^^\ F^j^) for 1 < /c < j, we have 

(2) {s^^^)-^NkS^^^ and {s^^^y^Nj^s^^^ belong to L^^'~\W^^\ F^j^) for l<k<j. 
We prove (ii). By (1), we see that 

F{j-i) = ^MiN'j)F^j) 
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and since {W^^\ F(^j-)) is an R-split mixed Hodge structure, we have by (2), 

(3) = {s^^^y^N'jS^^l 

Note that C = since d has only (—1, — l)-Hodge component (see 1.2.3). 
Next, by [KNUl], 10.4 (1), 

^0-1) = exp(zArj-)^O)- 

Hence by (1) and (2), we have 

(4) = {s^^Y^NjS^^l 

Comparing (3) and (4), we conclude Nj = iVj. 

We prove (iii). Since A^j^' = unless ^(A; — 1) = — 2 by (i), and since Nk = Nj^ by 

(ii), NjNjf (resp. NkNj) is the sum of (7V,-7Vfc)[^l (resp. (TV^ TV,-) 1^1 ), where ^ ranges over 
aU elements of Z'^+i such that e{k - 1) = -2. But NjNk = NkNj. (iii) follows. 

We prove (iv). We may assume j < k. Then, by (ii), NjNk (resp. NkNj) is the 
sum of (iVjiVfc)!^] (resp. (NkNj)^^^), where 6 ranges over all elements of Z"+^ such that 
9{j — 1) — 0. But NjNk — Nf-Nj by (iii). The first assertion of (iv) follows, and hence 
the second follows. 

The rest is (v). Again by [KNUl] 10.4 (1), we have = ^wiY.j<£<k'^^i)F{k)- 
This implies (v) by the same argument in the proof of (ii). □ 

2.4.8. We prove Theorem 2.4.2. (i) is contained in Theorem 0.5 of [KNUl]. 

We prove (ii). It is clear in case when k = n+1. When k < n, the proof of [KNUl] 
10.4 (2) shows (ii) and, furthermore, ri = exp{iNk + 'iN^_^^ H hiiV^)-F(n). 

We prove (iii). We may assume k < n. By the pure case, ri(grj^) = ipw{i)- By the 
calculation of ri in the above proof of (ii) together with 10.4 (1) of [KNUl] and 2.4.7 
(ii), we have 

Claim, ri in 2.4.2 (ii) coincides with exp{iNk)F^f,)- 

If gr^(A^fc) 7^ 0, then, by the pure case, k e J' and hence there is no problem 
(2.3.2). Assume gr^(iVfc) = 0. Then W^''^ = W and hence {W,F(^k)) is an R-split 
mixed Hodge structure. Since N^ sends the (p, q')-Hodgc component of {W,F(^k^) to 
the {p — l,q — l)-Hodge component, we have 5{W, exp(iNk)F(^k)) = s~^NkS. This 
shows that if N^ 0, then ri = exp(iA^fe)F(fc) (Claim) belongs to -Dnspi (1-2.7). Hence 

Hp J) e ^^SL(2),n (2.3.2). 

We prove 2.4.2 (iv). Since s'^^^ in 2.4.6 coincides with spl^(ri) and also with the s 
in 2.4.2 (i) (by Claim), it is reduced to the pure case that r in 2.4.6 coincides with the 
torus action associated to {{P'wif'w)vn'^iT J) in 2.3.5 and also with the r in 2.4.2 (ii). 
This also shows the statement for the associated weight filtrations. 
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2.4.9. We prove Proposition 2.4.3. We may assume k < n. It is enough to show that 
(1) imphes (2). Assume (1). By 2.4.6, we have = exp(^"^^_|_-,^ iNi)F for k < j < n. 

This gives = F and also = {s^''^)~HT.?=j+i Ni)s^''^ for k < j < n. 

Comparing this with diW^^^^F^^)) = (s^"^)"HEr=j+i Ni)s^''^ {k < j < n) obtained in 
2.4.7 (v), we have Nj = Nj for k < j < n. This imphes (2). 

2.4.10. We prove Theorem 2.4.5. 

We prove (i). We may assume k < n. We show (f){p) G X^niip.n by checking the 
conditions (l)-(4) in 2.4.1. (1) is satisfied by 2.4.7 (ii)-(iv). 2.4.1 (2) is seen by reduction 
to the pure case. 2.4.1 (3) (Griffiths transversality) for Nj follows from [KNUl] 5.7, 
and that for Nj is deduced from it and from (1) in the proof of 2.4.7. We show 2.4.1 (4) 
(concerning relative monodromy filtration). By Kashiwara [K], 4.4.1 and by 2.4.7 (ii), 
it is sufficient to show that the relative monodromy filtration exists for Nj {k < j < n) 
and for A^^. For Nk, this is included in the assumption. For Nj {k < j < n), this is 
easy since Nj is of weight with respect to s^^\ Once 0(p) e 2^niip,n is verified, it is 
easy to see (p o (p — (p. 

(ii) is essentially proved in 2.4.9. (iii) will be proved later, (iv) is known as the pure 
case (see [KU2] §6). (v) is easy. 

We prove (vi). For k < j < n, we have ri = ^w(^i=k'^^i)^(j) notation in 

2.4.6. In particular, we have ri = exp(^J^^^ iNi)F. (vi) is deduced from these relations. 

We prove (iii). The injectivity follows from (vi). 

To prove J = {j\l<j<n, Nj ^ 0}, first we show 

Claim. For k < j < n, W^(^) ^ VI/O-i) if and only if Nj ^ 0. 

Proof. Since Nj is of weight with respect to s^^~^\ the Nj is zero if and only if 
Nj{gT^ ^ ^ ) is zero for any w. The latter condition is equivalent to W^^^ = W'^^~'^\ □ 

By this claim, we have the description of J. The remaining parts of (iii) are easy. 

2.4.11. For some examples in Example I-Example III, we describe here the map 
tp ■ ^niip,i ^SL(2),i, {N,F) {{pw,<Pw)w,ri,J) in 2.4.2, the torus actions Tj : 
Gm,R Aut(i?o,R, W) {j = 0, 1), and nilpotent endomorphisms N and N^ (2.4.7). 

Example I. Let N{ei) = 0, N{e2) = ei, and let F = F{i). Then (A, F) generates a 
nilpotent orbit. The canonical splitting of W associated to exp(zj/i A)F (j/i > 0) sends 
62 to 62. From this we have T{t)ei = t~^ei, r(t)62 = 62. For t = l/^/yi, wc have 
\imt^oT{t)~^ exp{iyiN)F = F{i). Hence the image {{pw,<fw)w,'''^i,J) of (A, F) under 
ip consists of Example I in 2.3.9 with J — {1}. 

1^(1) = W, and Ti = To = T. Hence A = 0, A^ = A. 

Example II. We consider the following example (A, F) which generates a nilpotent 
orbit. A(e2) = ci, N{ej) = ( j = 1, 3). F = F{i, ia) with a G R. 

By 1.2.9, (si,S2) e corresponding to the canonical splitting spl^(exp(zj/iA)F) 
is si =0, S2 — —a/{l +yi). When yi — > 00, (si,S2) converges to (0,0) in spl(VF) = R^. 
From this, we have T{t)ei = t~^6i, T{t)ej = Cj, {j = 2,3). For t = l/y/y{, we 
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have limt^Q T{t)~^ exp{iyiN)F = ri e D, where r{ := 0, := C(zei + 62) + Ces, 
r^^ := -ffo,c- Hence the image {{pw, Vw)wi^ii J) oi {N,F) under ip consists of the 
example in 2.3.9 II with z = ia and J = {1}. 

The torus actions tq, ti which induce the splittings of the filtrations W^^\ in 
1.1.1 II, 2.3.9 II, respectively, are as follows. To(t)ej = t~^ej {j — 1,2), To(t)e3 = 63. 
n = T above. Hence N = = N. 

Example III. We consider the following example {N, F) which generates a nilpotent 
orbit. Ar(e3) = 62, N{e2) = ei, iV(ei) = 0. F = F{i,z,i) with z e C. 

By 1.2.9, (si,S2) G corresponding to the canonical splitting spl^(exp(zyiA^)F) 
is si = Ke{z) + |, S2 = — Im(2;)/2(1 + yi). When yi — )> 00, (si,S2) converges to 
{Re{z) + i,0) in spl(VF) = R^. From this, we have T{t)ei = t~^ei, r{t)e2 = t~^e2, 
r(t)e3 = e3 + {l-t-^){Re{z) + l). For t = we have limt^o T(t)"^ exp(iyiiV)F = 

ri e D, where := 0, r? := C(Re(2;)ei + ze2 + e3), r^;^ r? + C(iei +62), r^;^ := Hq^c- 
Hence the image {{pw, ^w)w, J) of (A^, F) under ip consists of the example in Case 1 
of 2.3.9 III with zi = Re{z) and J = {1}. 

There is no nilpotent orbit whose associated SL(2)-orbit is in Case 2 or Case 3 in 
2.3.9 III (cf. the comment after Theorem 2.4.5). (In Examples I, II, IV, and V, all 
SL(2)-orbits come from nilpotent orbits.) 

In the following, assume Re (2;) = — | for simplicity. The torus actions tq, ti which 
induce the splittings of the filtrations W, W^^\ in 1.1.1 III, Case 1 of 2.3.9 III, respec- 
tively, are as follows. To{t)ej = t~^ej (j = 1,2), To(t)e3 = 63. ti — r above. Hence 
AT = ivKo -2)] is given by iV(e2) = ei, N{ej) = {j = 1, 3). = N. 

§2.5. Definition of the set -Dsl(2) 

2.5.1. Two non-degenerate SL(2)-orbits p — ((pw, (fiw)w, r) and p' = {{p'yj, ^'yj)w, r') 
in n variables of rank n (2.3.3) are said to be equivalent if there is a t e R"q such that 

p:„ = Int(gr|f(r(t)))op^, ^'^ = gr"^ {T{t)) o (V«;GZ), r' = r(t)r. 

Here r : AutR(iyo,R, W^) is the torus action associated to {{pw,Vw)w,T^) 

defined in 2.3.5. 

Note that this is actually an equivalence relation. We explain this. For t = {tj)j e 
R^O' we denote by p„(t) = p^{gu • • • ,^n) in 2.3.5. Since gr|^(T(t)) = (11^=1 tjTPw{t) 
for t e R>o (2.3.5), we have p'^ = p^ as homomorphisms GJ^ ^ — )■ GR,(grJ^) for any 
w. On the other hand, the splittings of W associated to r and to r' = T{t)r coincide by 
the Remark in 2.3.5. From these it follows that r of p and r of p' coincide. The axioms 
of equivalence relation can be now easily checked. 

An SL(2)-orbit ((p«,, '^w)w, ^, J) in variables of rank r and an SL(2)-orbit {{p'yj, f'w)w^ r', J')% 
in n' variables of rank r' are said to be equivalent ii r = r' and their associated SL(2)- 
orbits in r variables of rank r (2.3.4) are equivalent. 

The class determines and is determined by the associated set of weight filtrations, 
the associated torus action, and the associated torus orbit, that is, we have 
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Proposition 2.5.2. Let p = {{pw, <fw)wj r) be a non-degenerate SL{2)-orbit of rank n. 

(i) The of p, the r and the tj of p {1 < j < n), the canonical splitting of 
W associated to r (1.2.3), and Z = T(R>o)r depend only on the equivalence class of 
p. Here r is the homomorphism in 2.3.5 associated to p. Z is called the torus orbit 
associated to p. 

(ii) The equivalence class of p is determined by ((VF*^-'^(gr^))i<j<„, Z), where Z is 
as above. 

(iii) The equivalence class of p is determined by (r, Z), where r and Z are as above. 

Proof We prove (i). The statement for W^^^ foUows from r{t)W^^^ = W^^^ {t e 
(R^)"), the statements for r and for the sphtting were proved in 2.5.1, and the rest is 
clear. 

(ii) and (iii) follow from (i) and Proposition 2.3.7. □ 

2.5.3. Let -DsL(2) be the set of all equivalence classes of SL(2)-orbits satisfying the 
following condition (C). 

Take an SL(2)-orbit {{pw, Vw)w, ^i J) in variables which is a representative of the 
class in question. 

(C) For each w e Z and for each 1 < j < n, the weight filtration ^^'^■'•'(gr^) is rational. 

(This condition is independent of the choice of the representative by 2.5.2 (i).) 
As a set, we have 

^SL(2) = Un>0 ^SL(2),n, 

where -DsL(2),n is the set of equivalence classes of SL(2)-orbits of rank n (2.3.3) with 
rational associated weight filtrations. We identify -Dsl(2),o with D in the evident way. 

Let -DsL(2),spi be the subset of -Dsl(2) consisting of the classes of ((p«,, Vu^w, r) with 
r e -Dgpi (see Notation in §0). (The last condition is independent of the choice of the 
representative.) Let -DsL(2),nspi = -Dsl(2) \ -DsL(2),spi- 

2.5.4. We have a canonical projection 

i^SL(2) ^ i^SL(2)(gr^) = n„eZ ^SL(2)(grS'), 

class ((pu,, (/?„,)„,, r) H- (class (pu,,(^u;))^. 

Here £'sL(2)(grS') is the L»sl(2) for {{Hq n Wn,)/{Ho n Wn,-i), { , )«,)• Note that in the 
pure case, the definition of -Dsl(2) coincides with that of [KU2] . 

2.5.5. As in Notation in §0, let spl(l^) be the set of all splittings of W. We have a 
canonical map 

^SL(2) ^ sp\{W) 

as class((pTO5 'Pw)wi i") ^ s, where s denotes the canonical splitting of W associated to 
r (see 2.5.2 (i)). 
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2.5.6. For p E -DsL(2)) we denote by Tp and Zp the corresponding r and Z, respec- 
tively (see 2.5.2 (iii)). 

2.5.7. Later in §3.2, we will define two topologies on the set -Dsl(2)- Basic properties 
of these topologies are the following (3.2, 4.1.1). 

(i) If p e -DsL(2) is the class of (r^, r), then we have in -Dsl(2) 

Tp{t)r p when t e R>o tends to 0. 

Here n is the rank of p and = (0, . . . , 0) e R>o- 

(ii) If (A^i, • ■ ■ , A^^, F) generates a nilpotent orbit and if the monodromy filtration of 
gr^{Ni) H h gr^ (Nj) is rational for any w e Z and any 1 < j < n, then we have in 

-DsL(2) 

eMJ:]=iWjNj)F^p 

when Uj > 0,yj/yj^i — >■ oo (1 < j < n, yn+i denotes 1), where p denotes the class of 
the SL(2)-orbit associated to (A^i, . . . , N^, F) by 2.4.2. 

This (ii) is the basic principle which lies in our construction of the topologies on 
-DsL(2)- Our SL(2)-orbit theorem 0.5 in [KNUl] says roughly that, when yj/yj+i — >■ oo 

(1 < j < n, yn+i = 1), Q-^Y>(JTj=iWjNj)F is near to Tp(y^, . . . , y^^)r, where 

r E Zp. Hence (i) is natural in view of (ii). 



§3. Real analytic structures of -Dsl(2) 
§3.1. Spaces with real analytic structures and log structures with sign 

We discuss a category Br of "spaces with real analytic structures", and its "loga- 
rithmic version", a category BR(log). In 3.1.11-3.1.13, we consider "log modification" 
in BR(log) associated to cone decompositions. 

3.1.1. The categories Br,, B'^, and Cr. We define three full subcategories 

B^dB'^d Cr 

of the category of local ringed spaces over R. 

We first define B^. An object of B'^ is a local ringed space {S, Og) over R such 
that the following holds locally on S. There are n > and a morphism i : S ^ R" 
of local ringed spaces over R from S to the real analytic manifold R" such that i is 
injective, the topology of S coincides with the one induced from the topology of R" via 
i, and the canonical map i~^{0-Rn.) — > Og is surjective. Here O^n denotes the sheaf of 
R- valued real analytic functions on R"^ and ) denotes the inverse image of a sheaf. 
Morphisms of B'^ are those of local ringed spaces over R. 
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Let Br, be the full subcategory of B^ consisting of all objects for which locally on S, 
we can take l : S ^ R"^ as above such that the kernel of the surjection ^"^(Or") Os 
is a finitely generated ideal. 

Of course a real analytic manifold is an object of Br. An example of an object of 
Br which often appears in this paper is R>q with the inverse image of the sheaf of real 
analytic functions on R"^. 

For an object (S*, Os) of B^, we often call Os the sheaf of real analytic functions of 
S though [S, Os) need not be a real analytic space. 

We define another category Cr as follows. An object of Cr is a local ringed space 
{S, Os) over R such that for any open set U oi S and for any n > 0, the canonical map 
Mor([/, R"') — )■ Os{U)'^, (/9 I-)- {'^j)\<j<n, is bijective, where R" is regarded as a real 
analytic manifold as usual, Mor(C/, R") is the set of all morphisms in the category of 
local ringed spaces over R, and ipj denotes the pull-back of the j-th coordinate function 
of R"^ via if. Morphisms of Cr are those of local ringed spaces over R. 

It is easily seen that real analytic manifolds, C°°-manifolds (with the sheaves of 
C°°-functions), and any topological spaces with the sheaves of real valued continuous 
functions belong to Cr. 

Lemma 3.1.2. 

Bi, C Cr. 

Proof. Let S be an object of B^. Let Mor5(— , R") be the sheaf on S of morphisms 
into R"^. Wc prove that the map Mor5(— , R"^) — )■ O's is an isomorphism. We first prove 
the surjectivity. A local section of (9§ comes, locally on 5", from an element of OiV)'^ for 
some open set V of R"^ and for some morphism S ^V. Since 0{V)^ = Mor(y, R"^), 
a local section of Og comes from Mor5(— ,R"^) locally on S". It remains to prove the 
injectivity of Mor5(— , R"') O's- We prove 

Claim. For any s & S, the local ring Os,s is Noetherian. 

This is reduced to the fact that the local rings of the real analytic manifold R"^ are 
Noetherian. These local rings are the rings of convergent Taylor series. Hence they are 
Noetherian. 

Now we return to the proof of 3.1.2. Assume that two morphisms f,g : S ^ R"^ 
induce the same element {<fj)j of (9(5')". The underlying map S — ?> R"^ of sets induced 
by / and g are given by s h- )■ {ipj{s))j, and hence they coincide. To prove f — g, it is 
sufficient to prove that for any s e S with image s' = f{s) = g{s) e R"^ and for any 
element h of Or^^s/, the pull backs f*{h),g*{h) e Os,s coincide. Let m be the maximal 
ideal of Os,s and let m,' be the maximal ideal of Or",s'. Let r > 1. Then h mod [m')^ 
is expressed as a polynomial over R in the coordinate functions tj. Hence f*{h) = 
g*{h) modm^. Since Os,s is Noetherian, the canonical map Os,s ^ |,im^ Os f^/mT is 
injective. Hence f*{h) = g*{h) in Os,s- □ 

Proposition 3.1.3. The category B'^ has fiber products, and Bji is stable under taking 
fiber products. The underlying topological space of a fiber product in B^ is the fiber 
product of the underlying topological spaces. The fiber product in B^ is also a fiber 
product in Cr. 
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Proof. Let S' ^ S and S" S he morphisms in B'ji- 

Working locally on S, S' and 5"', we may assume that there are injective morphisms 
l: S l' : S' ^ R"', l" : S" W" such that the topologies of S, S' , S" are in- 

duced from those of R", R" , and R" , respectively, and such that the homomorphisms 
i'^iOn^) ^ Cs, {t')~H^Rr.') Os' and {t")~H^nr.") Os" are surjective. Let /' 
and /" be the kernels of the last two homomorphisms, respectively. Let tj {1 < j < n) 
be the j-th coordinate function of R"^. Working locally on 5"', we may assume that for 
an open neighborhood U' of 5" in R" , there are elements s'^ G 0{U') (1 < j < n) such 
that the restriction of s'j to 5" coincides with the pull back of tj for each j. Similarly 

working locally on S" , we may assume that for an open neighborhood U" of S" in R"' , 
there are elements s'J e 0{U") {1 < j < n) such that the restriction of Sj to S" coin- 
cides with the puU back of tj for each j. Let F := S' XsS" CV := U' x U" C R"'+"". 
Endow F with the topology as the fiber product, and endow it with the inverse image 
of 

Ov/J with J = {I'Ov + I"Ov + (4 - s'i)Ov + ••• + «- OOv). 

Here I'Oy + I"Ov denotes the ideal of Oy generated by the inverse images of /' and 
When we regard the diagram S' S -^r- S" as the one in Cr by 3.1.2, we can show 
that F is the fiber product of it in Cr, and hence, F is the fiber product also in B'^. If 
S, S' , S" belong to B^, we can assume that /' and /" are finitely generated. Then the 
ideal J is finitely generated. □ 

We start to discuss log structures. 

Lemma 3.1.4. Let [S, Os) he an object o/Cr. Let Og >q be the subsheaf of Og consist- 
ing of all local sections whose values are > 0. Then {±1} ^ /^s >o- Furthermore, 
Og^Q coincides with the image of Og Og , f h- )■ 

Proof The isomorphisms R>o x {±1} R^ and R>o R>05 x i-> x'^, of real 
analytic manifolds induce isomorphisms of sheaves 

O^^^ X {±1} = Mors(-,R>o X {±1}) ^ Mors(-,RX) = 



^ f 1-5. f2 

respectively. This proves 3.1.4. □ 

Definition 3.1.5. For an object S ofC-R, a log structure with sign on S is an integral 
log structure Ms on S in the sense of Fontaine- Illusie ([KU3], §2.1) endowed with a 
subgroup sheaf Mg^^^ of satisfying the following three conditions (l)-(3). Here 
Mg^ D Ms denotes the sheaf of commutative groups {ab~^ \ a,b E Ms} associated to 
the sheaf Ms of commutative monoids. 

(2) O^g/Ol^^^Mf/Mf;^,. 
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(3) Let Ms,>o := Ms n M§^^q C Mf. Then the image of Ms,>o in Os under the 
structural map Ms — > Os of the log structure has values in R>o C R at any points of 
S. 

{We remark {Ms,>o)^^ = M^^^q and thus M^^^q is recovered from Ms,>o-) 

Let Br, (log) (resp. B^(log), resp. CR(log)) be the category of objects of (resp. 
B'^, resp. Cr.) endowed with an fs log structure ([KU3], §2.1) with sign. 

If S is an object of CR(log) such that the structural map Ms — )■ Os is injective and 

also the canonical map from Os to the sheaf of real valued functions on 5" is injective, 
then for an object 5" of CR(log), a morphism f : S S' in CR(log) is determined by 
its underlying map / of sets. For such S and an object S' of CR(log), and for a map 
g : S ^ S' oi sets, we sometimes say that is a morphism of CR(log) g — f for some 
morphism / : S' — > S" of CR(log). 

We introduce some terminologies. 

Trivial log structure with sign. It is the log structure Ms = O^ with M|^-^q = >o- 

The inverse image of a log structure with sign. For a morphism S" — )■ 5" in Cr and 
for a log structure Ms with sign on 5, the inverse image Ms' of Ms on S", which is 
a log structure with sign on S", is defined as follows. As a log structure, M5/ is the 
inverse image of Ms ([KU3], 2.1.3). M|f is the subgroup sheaf of M|f generated by 
Og,^Q and the inverse image of M^^q. 

A chart of an fs log structure with sign. Let S be an object of CR(log). A chart of 
Ms with sign is a pair of an fs monoid S and a homo morphism h : S ^ Mg >o such that 
h : S ^ Ms is a chart of the fs log structure Ms ([KU3], 2.1.5) and such that Ms,>q is 
generated by O^ and h{S) as a sheaf of monoids. A chart of Ms exists locally on S. 
This is seen with the fact that Ms,>o/Og — )■ Ms/Og is an isomorphism. 

3.1.6. Real toric varieties, real analytic manifolds with corners. 

As standard examples of objects of Br (log), we have real toric varieties, and also 
real analytic manifolds with corners. 

Let S be an fs monoid. We regard S = Hom(<S, R>o^*) as an object of Br (log) as 
follows, and call it as a real toric variety associated to S: Os is the sheaf of real valued 
functions on S which belong to Ox\s- Here X = Hom(i5, C™"^*) = Spec(C[iS])an and 
Ox denotes the sheaf of complex analytic functions on X. Ms is the log structure 
associated to <S — )■ Os- -^|^>o is generated by S^^ and >o- 

For any object T of CR(log), we have 

Mor(T, Hom(5, R>o^*)) = Hom(5, Mt,>o). 

In the case <S = N"', we have S = R>o- We usually regard R>o as an object of 
Br (log) in this way. 

A real analytic manifold with corners 5" is a local ringed space over R which has an 
open covering {Ux)x such that for each A, Ux is isomorphic to an open set of the object 
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R>Q ' of Br, (log) for some n(A) > 0. The inverse images on Ux of the fs log structures 

with sign of R>q^^ glue together to an fs log structure with sign on S canonically. Thus 
a real analytic manifold with corners is regarded canonically as an object of Br (log). 

Proposition 3.1.7. The category B^(log) has fiber products, and Br (log) is stable 

under taking fiber products. A fiber product in BR(log) is a fiber product in CR(log). 
The underlying object of B'-^ {resp. The underlying topological space) of a fiber product 
S' Xs S" in B^(log) coincides with the fiber product in Br {resp. fiber product as 
topological spaces) if one of the following conditions (1) and (2) is satisfied. 

(1) The log structure of S is trivial. 

(2) The log structure of S' coincides with the inverse image of the log structure of S. 

This is a real analytic version of the complex analytic theory about the category 
B(log) in [KU3] 2.1.10. The proof is given by the same arguments there. 

We next consider toric geometry in Br (log) and log modifications in Br (log) and in 
B^(log). These are real analytic versions of those in B(log) ([KU3], 3.6). 

3.1.8. Let be a finitely generated free abelian group whose group law is denoted 
additively. A rational fan in A^r := R (E)z N is a non-empty set E of sharp rational 
finitely generated cones in A^r satisfying the following conditions (1) and (2). 

(1) If cr G E, any face of a belongs to E. 

(2) If (T, T e E, then a Or is a face of a. 

Here a finitely generated cone in A^r is a subset of ATr of the form {X]j=i (^j^j I ^ 
R>o} with Ni,...,N^e A^R. 

A finitely generated cone in A'r is said to be rational if we can take Ni, . . . , Nn G 
-^Q '■— Q ®z N in the above. 

A finitely generated cone a in A^r is said to be sharp if u fl {—a) = {0}. 

For a finitely generated cone a in A^r, a face of u is a non-empty subset r of u 
satisfying the following conditions (3) and (4). 

(3) If x,y & T and a,b & R>o, then ax + by & r. 

(4) If a;, y e cr and a; + y G r, then x,y & t. 

A face of a finitely generated cone a in A^r is a finitely generated cone in A^r. It is 
rational if a is rational. 

3.1.9. Let N be as in 3.1.8 and E be a rational fan in A^r. Recalling the definition of 
the (complex analytic) toric variety toric (E) corresponding to E ([O] 1.2, see also [KU3] 
3.3), we define a subset |toric|(E) of toric(E) and a structure of an object of BR(log) 
on |toric|(E). 

Let M — Hom(A^, Z), and denote the group law of M multiplicatively. 
For cr e E, let 

S{a) = {x e M \ X ■■ Nji^n sends a to R>o}. 
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Then 

a = {x e Nn I X '■ — >■ R- sends x into R>o for any x G «5(cr)}. 

We have 5(a)sp = M, where 5((t)sp = {ab'^ \ a,b e S{a)}. 

For (T G E, let toric(a) = Spec(C[5(a)])an = Hom(5(a), C™"^*), where C™"'* denotes 
C regarded as a multiphcative monoid. Then we have an open covering 

toric(S) = U^gj. toric(c7). 

Let 

|toric|(S) = U^gj. |toric|(cr) C toric(S) = \J^^^ toric(cr) 
with |toric|((7) := Hom(«S((7), R^^'*). 

Then |toric|(S) has the unique structure of an object of yBR,(log) whose restriction to 
each open subsets |toric|(cr) coincides with the one given in 3.1.6. 

Note that |toric|(E) D Hom(M, R>o) = iV ® R>o, which is the restriction of 
toric(E) D Hom(M, C^) = N (g) C^. As a subset of toric(S), |toric|(S) coincides 
with the closure oi N ® R>o in toric(E). 

There is a canonical bijection between toric(E) (resp. |toric|(E)) and the set of all 
pairs (cr, /j.), where cr e E and /i is a homomorphism «S(cr)^ — > (resp. S{a)^ — > R>o)- 
Here S{a)^ denotes the group of invertible elements of S{a). Indeed, for such a pair 
(o-jh), the corresponding element of toric(cr) = Hom(iS((7), C™"'*) (resp. |toric|(a") = 
Hom(iS((T), R>o^*)) is defined to be the homomorphism sending x e S{a) to h{x) if 
X e cS((t)^, and to if X ^ '^((t)^. 

3.1.10. Let E and E' be rational fans in Nji and assume the following condition (1) 
is satisfied. 

(1) For each r G E', there is cr G E such that t G a. 

Then, we have a morphism toric(E') — toric(E) of complex analytic spaces (resp. a 
morphism |toric|(E') — )■ |toric|(E) in i3R(log)) which induces the morphisms toric(r) 
toric(cr) (resp. |toric|(T) — >■ |toric|(cr)) (r G E' cr G E, r C cr) induced by the inclusion 
maps T C cr. 

Under the condition (1), let E' — ?> E be the map which sends r G E' to the smallest 
cr G E with r C cr. Then the map toric(E') — )■ toric(E) (resp. |toric|(E') — j- |toric|(E)) 
sends the point of toric(E') (resp. |toric|(E')) corresponding to the pair (r, h') (r G E', 
h' is a homomorphism S{t)^ — > (resp. <S(t)^ — > R>o) to the point of toric(E) 
(resp. |toric|(E)) corresponding to the pair (cr, /i), where cr is the image of r under the 
map E' E, and h is the composite of S{a)^ — )■ S{t)^ with h'. 

3.1.11. Let E be a finite rational fan in N^. 

A finite rational subdivision of E is a finite rational fan E' in Nn satisfying the 
condition (1) in 3.1.10 and also the following condition (1). 

(1) UeE'^=aeE^ 

For a finite rational subdivision E' of E, the maps toric(E') — >■ toric(E) and |toric| (E') — > 
|toric|(E) are proper. 
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Proposition 3.1.12. Let S be an object o/ Br, (log) {resp. B^(log)). Let S be an fs 

monoid and let S — )■ Ms/Og be a homomorphism which lifts locally on S to a chart 
S — )■ Ms^yo of fs log structure with sign (3.1.5). Let H be a finite rational subdivision 
of the cone Hom(5, R>*^q*^). Then we have an object S{T,) of Bn{log) {resp. B'^{log)) 
having the following universal property (1). 

(1) IfT is an object o/CR(log) over S , then there is at most one morphism T — > 5'(E) 
over S. We have a criterion for the existence of such a morphism: Such a morphism 
exists if and only if, for any t & T and for any homomorphism h : (Mt /0^)t — >■ N, 
there exists cr e E such that the composite S — >■ {Ms/Og)s — >■ {Mt /0^)t — >■ N (s is 
the image oft in S) belongs to a. 

The map S(T,) S is proper and surjective. 

Proof This S{E) is obtained as follows. By taking = Hom(5SP, Z) and M = 5^?, 
define |toric|(E) as in 3.1.9. Locally on S, take a lift S Ms,>o oi S ^ Ms/Og 
and consider the corresponding morphism S — > Hom(<S, R>q'^) (3.1.6). Then S(T) is 
obtained as the fiber product (3.1.7) of 5 ^ Hom(5, R>q^*) ^ |toric|(E). The universal 
property is proved similarly to the complex analytic case ([KU3], 3.6.1, 3.6.11). □ 

The object S (E) is called the log modification of S associated to the subdivision E 
of the cone Hom((S, R^*!)*^). It is the real analytic version of the complex analytic log 
modification in the category iB(log) in [KU3], 3.6.12. 

3.1.13. We use the notation in 3.1.12. As a set, the log modification S'(E) is identified 
with the set of all triples (s, a, /i), where s G S", a G E, and if P(cr) denotes the image of 
S{a) (3.1.9 for N = Hom(5SP, Z) and M = 5^?) in (Ms/C^)fP and P'{a) denotes the 
inverse image of P{(j) in MJ^^q ^, then /i is a homomorphism P'{a)^ — )■ R>o, satisfying 
the following conditions (1) and (2). 

(1) P{a)xn{Ms/0^),^{l}. 

(2) The restriction of h to Og^^ ^ (c P'(cr)^) is the evaluation map at s. 
This is the real analytic version of the complex analytic theory [KU3], 3.6.15. 



§3.2. Real analytic structures of -Dsl(2) 

3.2.1. We will define two structures on the set -Dsl(2) as an object of Bji{log). We 
will denote -Dsl(2) with these structures by -DgL(2) -^sl(2)' There is a morphism 
-^SL(2) ~^ -^SL(2) whose underlying map is the identity map of -Dsl(2)- The log structure 
with sign of Dl,i^(^2) coincides with the inverse image (3.1.5) of that of Dg^f^^y 

In the pure case, these two structures coincide, and the topology of -Dsl(2) given by 
these structures coincides with the one defined in [KU2] . 

-^SL(2) proper over spl(VF) x -DsL(2)(gi'^) (3.5.16 below). This shows that our 
definition of Dsl(2) in the mixed case provides sufficiently many points at infinity. This 
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properness is a good property of -Dg^^g) which -Dsl(2) ^^^ed not have. On the other 
hand, -D|l(2) is nice for norm estimate (4.2.2 below), but -DgL(2) need not be. 

The sheaf of rings on -Dsl(2) called the sheaf of real analytic functions (or the real 
analytic structure) on -Dsl(2) i'n the first sense, and that on -Dsl(2) is called the sheaf 
of real analytic functions (or the real analytic structure) on -Dsl(2) the second sense. 
The topology of Dl^-^^^^) is called the stronger topology o/-Dsl(2)i a-^d that of -Dg^2) is 
called the weaker topology o/-DsL(2)- These two topologies often differ. 

In this §3.2, we characterize the structures of D^^^^) a-nd -DgL(2) ^ objects of i3R,(log) 
by certain nice properties of them (Theorem 3.2.10). The existences of such structures 
will be proved in §3.3 and §3.4. 

3.2.2. We define sets W, W, a subset -Dsl(2)(*) -C'sl(2) for * e W, and a subset 
-^SL(2)(*) of -DsL(2) for $ e W, as follows. 

For p e -DsL(2) 5 let >V(p) be the set of weight filtrations associated to p. 

By an admissible set of weight filtrations on -ffo.R, we mean a finite set \1/ of increasing 
filtrations on i^o.R such that \1/ = W{p) for some element p of I)sL(2)- We denote by 
W the set of all admissible sets of weight filtrations on -ffo,R- 

For e W, we define a subset -Dsl(2)(*) of -Dsl(2) by 

^L(2)(*) = {P e ^SL(2) I yvip) C 

Note that -Dsl(2) is covered by the subsets D{,-^^^-^{^) for \& G W. Furthermore, 
DsL(2) is covered by the subsets -DgL(2)(^) for \1/ G W with W ^ and the sub- 
sets 1)^^(2) (*)nspi := ^SL(2)(*) ^ ^SL(2),nspi for G W with W E . As is stated in 
Theorem 3.2.10 below, these are open coverings of I)sl(2) for the topology of -DgL(2)- 
For p G £'sL(2), let 

W(p) = {W'igT^) I W G >V(p), W W}, 
where VF'(gr^) is the filtration on gr^ = 0^ grj^ induced by W , i.e., W'{g^)\~ := 

e^wi{gv^)ce^gT^. 

By an admissible set of weight filtrations on gr^, we mean a finite set $ of increasing 
filtrations on gr^ such that $ = W{p) for some element p of -DsL(2)- We denote by W 
the set of all admissible sets of weight filtrations on gr^. 

For $ G W, we define a subset -Dsl(2)(^) of -Dsl(2) by 

^SL(2)(^) = {P e DsL(2) I W(p) c 

As a set, -Dsl(2) is covered by -Dsl(2)(^) (^ ^ W)- As is stated in Theorem 3.2.10 
below, this is an open covering for the topology of D^^^^y 
We have a canonical map 
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which sends ^ G W to * := {W'{gT^) \ W' e'^,W' j^W} e W. For * e W, we have 

3.2.3. Let e W. A homomorphism a : G* — > AutR(i!fo,R5 W) of algebraic 
groups over R is caUed a splitting of ^ if it satisfies the foUowing conditions (1) and 
(2). 

(1) The corresponding direct sum decomposition 
into eigen R-subspaces satisfies 

for aU W and for all w' eZ. 

(2) For all tu e Z and all t e G* j^, i{t)~'^ ay,{t) is contained in G-{i{gi^), where 
CKu) '■ G* — > AutR(grJ^) is the homomorphism induced by a, and i is the composite 
of the multiplication G* — )• G^^r, and the canonical map G^^r, — > AutR(gr|^), 
a i-> (multiplication by a). 

A splitting of exists: If is associated to p e -Dsl(2)) the torus action Tp associated 
to p (2.5.6, 2.3.5) is a splitting of Here and hereafter, we identify {!,... ,n} (n is 
the rank of p) with via the bijection j i-^ W^^\ which is independent of the choice of 
p by 2.3.8. _ 

Let $ e W. A homomorphism a : G* — )■ Jltf) -^utR.(g^J^) algebraic groups 
over R is called a splitting of ^ if it satisfies the following conditions (1) and (2). 

(1) The corresponding direct sum decomposition 
into eigen R-subspaces satisfies 

for all W e ^ and for all w' E Z. 

(2) For all -u) G Z and all t G G^ j^, L(t)~'^aw{t) is contained in GR(grJ^), where 
a^j ■ G* — )■ AutR(gr^) is the ly-component of a, and z, is the composite of the 
multiplication G^ Gm,R and the canonical map Gm,,R — ^ AutR(grJ^). 

A splitting of $ exists: For p G -Dsl(2)) let fp be gr^(Tp) in the case W ^ W(p), and 

in the case W G W(p), let fp be the restriction of gr^(Tp) to G"!^^^ which we identify 

with the part of G^^^^ with the VF-component removed. Then if $ = W(p), fp is a 
splitting of $. 
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Remark. Under the condition (1), the condition (2) is equivalent to the following 
condition: For all e Z, the direct sum decomposition 

corresponding to a^, satisfies 

unless ji + ji' = {2w, . . . , 2w). 

3.2.4. Let * e W. Assume W ^ (resp. e If a real analytic map 

P : D R*Q (resp. -Dnspi -> R->o) satisfies the following (1) for any splitting a of 
then we call /3 a distance to -boundary. 

(1) I3iait)p) = t/3{p) {t e R*o, peD (resp. L»nspi)). 

Let $ G W. If a real analytic map (3 : D(gr^) — )■ R^q satisfies the following (1) for 
any splitting o: of $, then we call P a distance to ^-boundary. 

(1) pia{t)p) = tpip) (t e R*o, P e i^(gr^)). 

The proofs of the following propositions 3.2.5-3.2.7 and 3.2.9 will be given in §3.3. 

Proposition 3.2.5. (i) Let ^ e W. Then a distance to ^-boundary exists. 

(ii) Let $ e W. Then a distance to ^-boundary exists. 

Proposition 3.2.6. (i) Let e W, let a be a splitting of and let P be a distance 
to ^-boundary. Assume W ^ ^ (resp. W & ^) and consider the map 

: D {resp. Dnspi) ^ R|o x ^ x spl(I^) x Yl^,^^spl{W'{gr^)), 

P^ (Pip), aP{p)-^p, SpV(p), (spl^^,(g,w)(p(gr^)))MA'G*). 

Here spl^(p) is the canonical splitting ofW associated to p in §1.2, and spl^/(-gj.iv)(p(gr^ 
is the Borel-Serre splitting ofW'{gr^^ ) associated to p{gic^ ) in 2.1.9. Letp e Dg-^^2)i'^) 
{resp. -DgL(2)(^)nspi)j J the set of weight filtrations associated top (2.3.6), Tp : G;^ ^ 
AutR,(iyo,R, W) the associated torus action (2.5.6, 2.3.5), and r e D a point on the torus 
orbit (2.5.2) associated to p. Then, when t e R^g tends to 0"^ in R>oj i^a,/3('7p(i)r) con- 
verges in R>Q X D X spl(VF) x HvK'e* spl(iy (gr'^)). This limit depends only on p and 
is independent of the choice of r. 

(ii) Let $ e W, let a be a splitting of and let P be a distance to ^-boundary. 
Consider the map 

: L> ^ R*o X L»(gr^) x £ x spl(I^) x Hv^'e* spl(I^'), 

(^(p(gr^)), a^(p(gr^))-V(gr^), Ad(«/3(p(gr^)))-i5(p), 
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spV(p), (spV/(p(gr^)))we*). 

Here C is in 1.2.1 and 5{p) denotes S of p. Let p e Dsh{2)(^)' ^ ^/ '^^W^t 

filtrations associated to p, Tp : ^ — > AutR,(i?o,R, W) the associated torus action, 
and r E D a point on the torus orbit associated to p. Then, when t e R>q tends to 0"^ 
in R>o, J^a,i3{Tp{t)r) converges in R>q x D(gr^) x £ x spl(VF) x Hwe^^PK^')- 
limit depends only on p and is independent of the choice of r. 

We recall the compactified vector space V associated to a weightened finite dimen- 
sional R- vector space V = ©^ez such that Vtjj = unless «; < — 1. It is a compact 
real analytic manifold with boundary. For t G R>o and v — ^^y^z'f^w 7^ {v^ e V^,), 
let to V = t^Vw Then as a set, V is the disjoint union of V and the points o v 
{v e F\{0}), where Oov is the limit point in V of toy with t e R>o, t — > 0. Oov = Oov' 
if and only ifv' = tov for some t E R>o- 

Since V is a real analytic manifold with boundary (a special case of a real analytic 
manifold with corners), V is regarded as an object of yB(log) (3.1.6). 

Since £ is a finite dimensional weightened R-vector space of weights < —2, we have 
the associated compactified vector space C D C. 

In Proposition 3.2.6, in both (i) and (ii), we denote the limit of z^o,,/3(rp(t)r) by 

As we will see in 3.3.10, in 3.2.6 (ii), the >C-component of i'a,p{p) belongs to C (resp. 
C\C)ii and only if I^ ^ W{p) (resp. W e W{p)). 

Proposition 3.2.7. (i) Let e W, let a he a splitting of , and let P be a distance 
to ^-boundary. Then, in the case W ^ ^ (resp. W E ^) the map 

^oc,l3 ■■ ^SL(2)(*) {resp. i^SL(2)(*)nspl) 

^ R|o X X spl(I^) X nv^^'e*spl(I^'(gr^)) 

is injective. 

(ii) Let $ e W, let a be a splitting of ^, and let 13 be a distance to ^-boundary. Then 
the map 

^0.3 : ^^[(2)(^) ^ R>o X ^{.&^) X >C X spl(I^) X Viw'^^^Vm') 
is injective. 

3.2.8. Here, for \E' G W, we define a structure of an object of i3^(log) on the set 
DgL(2)(*) (i^esp. L>gL(^2)(^)nspi) ^^e case W ^ ^ (resp. W e \E'), depending on 
choices of a splitting a of and a distance to ^^-boundary /3. Also, for $ e W, we 
define a structure of an object of B^(log) on the set D^^^^^{^) depending on choices of 
a splitting o: of $ and a distance to ^-boundary /3. 

Let \1/ G >V. Assume W ^ \1/ (resp. W G \I/). Let A = L'|l(2)(^) (I'^sp. A = 
^lL(2)(*)nspi), let S = R|o X L> X spl(I^) X Ylwe^ spl(I^'(gr^)), and regard B as an 
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object of B-£i{log). Define the topology of A to be the one as a subspace of B in which 
A is embedded by z/^,^^ in 3.2.7 (i). We define the sheaf of real analytic functions on 
A as follows. For an open set U of A and a function / : t/ — )■ R, we say / is a real 
analytic function if and only if, for each p E U, there are an open neighborhood U' of 
p in t/, an open neighborhood U" of U' in B, and a real analytic function g : U" ^ H 
such that the restrictions to U' of / and g coincide. Then A belongs to B'^. Define the 
log structure with sign on A as the inverse image (3.1.5) of the log structure with sign 
of S. _ 

Let $ e W. Let A = i?^[(2)($), let B = R|oXL'(gr^)x£xspl(W)xnvK'e$spl(H^')| 
and regard B as an object of i3R,(log). Define the topology of A to be the one as a 
subspace of B in which A is embedded by Ua^is in 3.2.7 (ii). We define the sheaf of real 
analytic functions on A as follows. For an open set U of A and a function f : U — )■ R, 
we say / is a real analytic function if and only if for each p E U, there are an open 
neighborhood U' of p in U, an open neighborhood U" of U' in B, and a real analytic 
function g : U" ^ H such that the restrictions to U' of f and g coincide. Then A 
belongs to B'^. Define the log structure with sign on A as the inverse image of the log 
structure with sign of B. 

Proposition 3.2.9. (i) Let \1/ G >V. Assume ^ \1/ {resp. G Then the struc- 
ture of an object of B'^{\og) onDgL(2)(*) {i^^sp. DgL(2)(*)nspi) in 3.2.8 is independent 

of the choices of a and (3. 

(ii) Let $ G W. Then the structure of an object o/,B^(log) on -Dg£(^2)(^) 3.2.8 is 
independent of the choices of a and (3. 

The following theorem will be proved in §3.4. 
Theorem 3.2.10. (i) There exists a unique structure Dg^^^) of an object of B-£i{log) 
on the set Dsl(2) having the following property: For any \I/ G W, -DgL(2)(^) o^nd 
-^SL(2)(^)nspi fl'^e open in -D|l(2)7 if W ^ "i/ {resp. W G \E'), the induced structure 
on i3>gL(2)(^) (^^-^P- -DgL(2)(^)nspi) coincidcs with the structure in 3.2.9 as objects of 
^k(log). 

(ii) There exists a unique structure Dg^^^-^ of an object of B-R,{log) on the set -Dsl(2) 
having the following property: For any $ G W, D^^i^^-^{^) is open in D^^^^)! ^'^^ 
the induced structure on -Dsl(2)(^) coincides with the structure in 3.2.9 as objects of 
^k(log). 

(iii) The topology of Dq^^^^-^ is coarser than or equal to that of D^^^^y and the sheaf 
of real analytic functions on F)qi^^2) contained in the sheaf of real analytic functions 
on -DgLj^2)- Thus we have a morphism F>g^^^s^ -^sl(2) local ringed spaces over 
R. The log structure with sign on -DgL(-2) coincides with the inverse image of that of 
-^SL(2)- Thus we have a morphism D^-^^^-^ — )■ -DgL(2) -Br (log) whose underlying map 
of sets is the identity map o/-Dsl(2)- In, the pure case (i.e., in the case = i^cR o-nd 
Ww-i = for som,e w e7?), the last morphism is an isomorphism, and the topology of 
DsL(2) given by these structures coincides with the one defined in [KU2]. 
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3.2.11. In 3.2.12 below, we give characterizations of the topologies of Dg^^^^^ and 
Z)gL(2)- Recall [Bn], Ch.l, §8, no. 4, that a topological space X is said to be regular if it 
is Hausdorff and if for any point x of X and any neighborhood U of x, there is a closed 
neighborhood of x contained in U. 

Recall [Bn], Ch.l, §8, no. 5 that the topology of a regular topological space X is 
determined by the restrictions of neighborhoods of each point to a dense subset X' of 
X. Precisely speaking, if Ti and T2 are topologies on a set X and if X' is a subset of 
X, then Ti and T2 coincide if the following conditions (1) and (2) are satisfied. 

(1) The space X is regular for Ti and also for T2, and the subset X' is dense in X 
for Ti and also for T2. 

(2) Let X e X, and for j = 1, 2, let Sj be the set {X'dU \ U is a neighborhood of x in 
X for Tj} of subsets of X'. Then 81 = 82. 

This condition (2) is equivalent to the following condition (2'). 

(2') For any x G X and for any directed family {xx)x of elements of X', {xx)x 
converges to x for Ti if and only if it converges to x for T2. 

The topologies of -D|l(2) that of -D|l(2) have the following characterizations. 

Proposition 3.2.12. (i) The topology of D^^^^) ^^e unique topology which satisfies 
the following conditions (1) and (2). 

(1) For any admissible set ^ of weight filtrations on i^o.R? -^sl(2)(^) (3-2.2) is open 
and regular, and D is dense in it. 

(2) For any p e Dsl(2) and for any family {px)x&A of points of D with a directed 
ordered set A, (px) converges to p in Dg^f^^^ if and only if the following {a) , (b), and (c.T) 
are satisfied. Let n be the rank of p (2.5.1, 2.3.2-2.3.3), let {{pw, '^w)w,'i') be an SL(2)- 
orbit in n variables tvhich represents p, let ^ = W{p), and let r : AutR,(iyo,R5 W) 
be the homomorphism of algebraic groups associated to p (2.3.5). 

(a) The canonical splitting of W associated to px converges to the canonical splitting 
of W associated to r. 

(b) For each I < j < n and w E Z, the Borel-Serre splitting spl^(j) i^^^w^{px{g^^)) 
ofW^^\gi^) atpx{g!:^) (2.1.9) converges to the Borel-Serre splitting ofW^^\gi^) at 
r(ge)- 

(c.I) There is a family {tx)x€A of elements of R^q such that tx ^ in R>q and 
such that T{tx)~^px ^ r. 

(ii) The topology of D^^^^-^ is the unique topology which satisfies the following condi- 
tions (1) and (2). 

(1) For any admissible set $ of weight filtrations on gr^ , -^sl(2)(^) (3-2.2) is open 
and regular, and D is dense in it. 
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(2) For any p e -Dsl(2) and for any family {px)x^a of points of D with a directed 
ordered set A, (px) converges to p in -Dg^2) ^/ ^'^^ only if (a) and (b) in (i) and the 
following (c.II) are satisfied. Let n, ((pw, r), ^ and r be as in (2) of (i). Let 

$ = W{p) = t. 

(c.II) There is a family {tx)xeA of elements of R^q C R^q such that tx ^ in 
R|o C R|o and such that {T{tx)~^Px){gr^) ^ r(gr^) and 5{T{tx)~^Px) ^ S{r). 

The proof of 3.2.12 is given in §3.4. 

3.2.13. Example 0. Consider the pure case Example in 1.1.1. Let = {W}, 
where WL^ = C WL2 = W_i = Rei C Wq = i^cR- Then we have a splitting a of 

\1/ defined by a{t)ei = t~^ei, a{t)e2 = 62, and we have a distance (3 to ^'-boundary 
defined by j3{x + iy) = y~^^^ {x + iy ^ i) = D, x, j/ e R, j/ > 0). Then the map 

Ua,i3 : ^ R>o X X spl(W^'), P ^ (Kp). c^Kp)~'p. spl^'ip)). 
is described as 

x + iy^{y-^/'^,^ + i,x) {x,yeR,y>0), 

where we identify spl(W) with R in the standard way. We can identify I^gL(2)(^) '^ith 
{x+iy I X, y G R, < 1/ < 00} (see 3.6.1 below). The extended map u^^is : -Dsl(2)(^) ~^ 
R>o X D X spl{W') sends a; + zoo to (0, i, x). 

§3.3. Proofs of propositions 3.2.5-3.2.7 and 3.2.9 

3.3.1. Let W be as in 3.2.2. For each w E Z, let yV{gr^) be the set of aU admissible 
sets of weight filtrations on gr^ . We have a canonical map 

W ^ >V(gr|:r), ^ ^ {Wigr"!^) I W e W^'(gr^) ^ Wigr"^)}. 

This map sends W{p) for p G -DsL(2) to W{p{gr^)). 

For $ G W and to G Z, let ^{w) G W(grJ^) be the image of $ under the above map. 

We will sometimes denote elements of $ and elements of ^{w) by the small letters 
j, k etc. 

Note that $ is a totally ordered set by 2.3.8 (for j, k e ^, j < k means cr^ij) < cr^ik)), 
and {VF(grJ^)} U $(w) is also a totally ordered set by 2.1.13 with respect to (note 
W{gr^) < j for any j G ^{w)). The canonical map $ {W{gr^)} U ^{w), W 1-^ 
W'{gr^), preserves the ordering. 

Lemma 3.3.2. We use the notation in 3.3.1. 

(i) For $ G W and w e Z, the map $ Uyjezii^is^w)} U Hw)), W ^ 
{W'{gr^))^ez, is injective. 

By this injection, we identify $ and its image, and denote the latter also by $. 
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(ii) We have the bijection from W onto the set of pairs ($', {^'{w))wez) , where 
is an element 0/ W(gr^) for each w E Z and $' is a subset ofY[w^z({^(S^w^)}^^'('^''^)) 
satisfying the conditions (l)-(3) below. The bijection sends $ e W to ($, {^{w))wez)- 

(1) For each w & Z, the image of the projection — > {W^(grJ^)} U ^'(w), which we 
denote by j i->- j{w), contains ^'(w). 

(2) For each j e there is w e Z such that j{w) G {W{gT^)} U $'(«;) belongs to 

(3) For any j, /c G one 0/ the following {a), (b) holds. 

(a) j{w) < k{w) for all w & Z. 

(b) j{w) > k{w) for all G Z. 
Proof, (i) is clear. 

We prove (ii). The injectivity of the map $ ^ ($, follows from (i). We 

prove the surjectivity. Let {<^'{w))^) be a pair satisfying (l)-(3). For G Z, 

let n{w) be the cardinality of let (p^,</?^) be an SL(2)-orbit on grj^ in n{w) 

variables of rank n{w) whose associated set of weight filtrations is and let y{w) G 

D[gY^) be a point on the torus orbit associated to {p'^.ip'^). Take a point r of -Dsl(2) 
such that r(gr^) = {y{w))w. Let n be the cardinality of write $' = . . . , 0„} 
{4>i{w) < ■ ■ ■ < 4>n{w) for all w G Z), write ^'(w) = {</>«;, 1, (/!>t„,n(«;)} 1 < 
■■■ < n(it)))7 and let ew '■ {^t ■ ■ ■,'n{w)} — >■ {!,..., n} be the injection defined by 
e-w{k) = min{j | (/)j{w) = (/)w,k}- Let p G -DsL(2) be the class of the SL(2)-orbit 
{{pw, Vw)wi r) in n variables of rank n, where 

Pw{gi, ■■ - ,971) ^ P'wiQe^il), ■ ■ -jge^iniw))), fwizi, . . . , Zn) = (Pwi^e^il)^ ■ ■ ■ , Ze^{n{w))) ■ 

Then the pair is the image of W{p) G W. □ 

Lemma 3.3.3. Let $ G W and let {^{w))^ be the image of ^ in Yl^yV{gr^)- Then 
there is a bijection between the set of all splittings of $ and the set of all families 
{aw)w^z, where is a splitting of ^(w) for each w. This bijection sends a splitting a 
of ^ to the following family {au,)w For w & Z, let By, : ^(w) — >■ $ 6e the map defined 

by eyj{k) — min{j G $ | j{gr^) = k}. Then is the composite G^^^ — >■ G* — >■ 
Aut(gr^), where the first arrow is induced from and the second arrow is given by a. 

Proof. From a family (q;w)w of splittings a^, of ^{w), the corresponding splitting a 
of $ is recovered as follows. For G Z, let R{w) = {W{gT^)} U ^{w). Let G* 

R ~ Gm,R X G**^^'' be the homomorphism induced by the map $ — )■ R{w), W i-> 
W'{gT^). Then the action of G* on gr^ by a is defined to be the composite G* — > 
Gm,R X G*'^^^^ Aut(grS'), where the last arrow is {t,t') ^ f^ayj{t'). □ 
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Lemma 3.3.4. Let $ e W. For each w E Z, let Pu> ■ D{gr^) R>o be a distance 
to ^{w) -boundary. Let h : — )■ Hiuez injective homomorphism induced 

by the map $ — >■ Jlwezli^lS^'S')} ^ ^{w)). Then there is a homomorphism h' : 
Uw€Z Z*^""^ ^ Z* such that the composite Z* A Uwez ^^^""^ ^ is the identity 
map, and, for such an h' , the composite D(gr^) n«;ez -^^^cT'' ~^ ^>0' where the 
first arrow is {Pw)w o-'^d the second arrow is induced by h' , is a distance to ^-boundary. 

Proof. Since the cokernel of h is torsion free, there is such an h'. The rest follows 
from 3.3.3. □ 

Lemma 3.3.5. Let \& G W and let ^ eW be the image of'^ under the canonical map 
W (3.2.2). Let j3 : -D(gr^) Ii% be a distance to ^-boundary. 

(i) Assume W ^ ^. Then the map 

D ^ D(gr^) A R*o =^ R^o, x^(3{x{gr'^)), 

is a distance to "if -boundary, where the last isomorphism is induced from the canonical 
bijection * ^ W ^ W^'(gr^). 

(ii) Assume G Letj : -Dnspi ~^ R'>o be a real analytic map such that ■y{a{t)x) = 
twiix) for any t G R*o csnd x G Dnspb where tw denotes the W -component oft. Then 
the map 

Dnspi ^ R>o X R*o ^ R>o, ^ ^ (7(^), ^(^(gr^^))), 
is a distance to ^-boundary. 
This is proved easily. 

3.3.6. We prove Proposition 3.2.5 (the existence of 

Proof. Assume first that we are in the pure case. In this case, the existence of /3 is 
proved in [KU2], 4.12. 

In fact, there is a mistake in [KU2], for, loc. cit. 4.12 does not hold for a general 
compatible family of Q-rational increasing filtrations in the sense of [KU2] . The proof 
for 4.12 there assumed the injectivity of the splitting (denoted u there), but, for a 
general compatible family, a splitting is not necessarily injective. On the other hand, 
for an admissible set of weight filtrations, any splitting is injective, and for such a family, 
the proof there is correct and hence the conclusion of [KU2], 4.12 holds. 

The existence of a distance to ^-boundary /3 for $ G W follows from the pure case 
by Lemma 3.3.4. 

We prove the existence of a distance to ^'-boundary /3 for \E' G W. Let $ be the 
image ^ of in W as in 3.2.2. 

U W ^ the existence of ^ follows from Lemma 3.3.5 (i). Assume W E It is 
sufficient to construct a real analytic map 7 : -Dnspi ~^ ^>o having the property stated 
in 3.3.5 (ii). Fix f = {rw)^ E D(gr^) and, for each w < —1, fix a -invariant positive 
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definite symmetric R- bilinear form ( , )w on the component of L := £(r) (1.2.1) of 
weight w. Here K^^ is the isotropy subgroup of GR(grJ^) at f^„, which is compact so 

that there is such a form. Let / : L — {0} — )■ R>o, /(f) := Cl2w<-i i'Vw,Vw)w^^^)~^^'^, 
where Vw denotes the component of v of weig ht w. For F e D{gr^), if g is an element 
of GR(gr^) such that F = gf, then we have an isomorphism Ad{g)~^ : C{F) L. 
The map fp '■ '^.{F) — {0} — )■ R>o, v i— )> f{Ad{g)~^v), is independent of the choice 
of g. This is because ig')~'^g e Uw^L 9,9' e G'R(gr^) and = g'f. Define 
7' : I^nspi -> R>o by -f'{s{9{F,S))) = /f(5). Let a be any splitting of ^f. Then 
■j'{a{t)x) = (Hwe* ^w^')7'(^) ^ ^ I^>o a; G -Dnspi, where tw' ^ R>o denotes 
the W^'-component of t. For x G -Dnsph define 7(0:) = 7'(x) -nwe^" /^(^(S^^))^/'' w^here 
P{x{gr^))w' denotes the M^'-component of P{x{gr^)). Then 7 has the property stated 
in 3.3.5 (ii). □ 

3.3.7. We start to prove Proposition 3.2.6. The last assertions of (i) and (ii) are 
clear once the preceding convergences are shown. We will prove the convergences in 
3.3.7-3.3.12. 

In this 3.3.7, we prove the following part of Proposition 3.2.6 (i): 

Let G W and assume W ^ "if (resp. W G let P be a distance to ^-boundary, p G 
DgL(2)(^) {i^^sp. -DgL^2)(^)nspi);0'^<^ let T E D be a point on the torus orbit associated 
to p. Let J be the set of weight filtrations associated to p. Then l3{Tp{t)r) [t G R>o) 
converges in R*q when t tends to 0"^. 

Proof. Take a splitting a of and let aj : G;^ ~^ Aut(iyo,R) be the restriction of a 
to the J-component G;^ ^ of G^ ^. Let -ffo.R — ©mez-^ ^('^^ ^) the decomposition 
associated to aj. Since both Tp and aj split J, there is a unique element u of Gr such 
that Tp — Int(u)(Q:j) and such that (1 — u)S{J, m) C 'S'( J, m') for any m G Z'^. 

We have 

l3{Tp{t)Y) = j3{uaj{t)u~'^r) = (3{aj{t)utu~^r) = Lj{t)^{utu~^r), 

where Ut = lnt{aj{t))~^(u) , and lj : R>q — > R*q is the canonical injective homomor- 
phism from the J-component. When t — )■ O'^, Ut converges to 1 as is easily seen. Hence 
/5(rp(t)r) converges to 0"'/3(tt~^r) in R>o, where O"' denotes the element of R>q whose 
j'-th component for j G \I/ is if j G J and is 1 if j ^ J. □ 

Remark. In [KU2], 4.12, the corresponding statement in the pure case was treated, 
but, the second line after the proof of it, the factor corresponding to "O'^" here is missing. 

3.3.8. We prove the following part of Proposition 3.2.6 (ii): 

Let $ G W, /5 a distance to ^-boundary, p G L>g^2)(^); ^'^^ ^ ^ point on the 
torus orbit associated to p. Let J be the set of weight filtrations associated to p. Then 
P{Tp{t)r{gr^)) {t G R>o) converges in R>q when t tends to 0"^ . 

Proof. Let J G W be the image of J, and let fp be as in 3.2.3. Take a splitting a of $, 
let a J : G;^ AutR(gr^) be the restriction of a to the J-component G;^ of G* j^^, 
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and let gr^ = ^^^-z^j S{J ^m) be the decomposition associated to aj. Since both fp 
and aj spht J, there is a unique element u of GR(gr^) such that fp = Iat{u){aj) and 
such that (1 — u)S{J,m) C 0^/<^ 'S'(J, m') for any m e Z-^. We have 

^(rp(t)r(gr^)) = j)«-ir(gr^)) 

= (3iaj-itj-)utu-'rigr'^)) = ij-{tj)(5{utu-\{gi'^)), 

where Ut = lnt[a jit iu) ^ ij : R>o ~^ -^>o canonical injective homomorphism 

from the J-component, and tj is the J-component of t. Here we identify J with J (resp. 
J \ {W}) if W ^ J (resp. e J). When t — )■ O'^, ut converges to 1 as is easily seen. 
Hence ^(Tp(t)r(gr^)) converges to 0"^^(tt~^r(gr^)), where 0"^ denotes the element of 
R>Q whose j-th component for j e $ is if j e J and is 1 if j ^ J. □ 

3.3.9. We prove the following part of Proposition 3.2.6 (i): 

Let the notation be as in 3.3.7, let a be a splitting of "if, and let fx : D ^ D be the 
map X !->■ aP{x)~^x. Then, //(Tp(t)r) converges in D when t e R>q tends to 0"^ in R>o- 

Proof. We have 

IJ.{Tp{t)r) = ii{uaj{t)u~^r) = ii{aj{t)utu~^r) = ii{utu~^r) //(«~^r), 

when t^O-^. □ 

3.3.10. We prove the following part of Proposition 3.2.6 (ii): 

Let the notation be as in 3.3.8, let a be a splitting of^, and let jj, = {1^1,112) '■ D — >■ 
i:>(gr^) X C be the map x ^ (a/3(,x(gr^))-ix(gr^), Ad{af3{x{gr^)))~^6{x)). Then, 
//(rp(t)r) converges in D(gr^) x C when t e R>o tends to 0"^ in R>o- 

Proof. This /xi factors through the projection D — )■ D(gr^) and 

lii{Tp{t)r) = ni{uaj{tj)u-^r(gT^)) = ni{aj(tj)utu-^r{gr^)) 

= iJ,i{utu~^ r{gr^)) n{u~^r{gr^)) 

when t ^ 0"^. Assume W ^ J, and identify J and J via the canonical bijection. Then 
fi2{rp{t)v) = (Ada^(fp(t)r(gr^)))-i Ad(fp(t))5(r) 
= AdM(wtw-^r(gr^)))-i Ad{utu-^)6{r) 

Adiaf3{u-^r{gr^)))-^ Ad{u-^)5{r) 

when t — ;> 0'^. Next assume W & J and identify J \ {VF} with J via the canonical 
bijection. For t G R>05 write t — {t',tj), where t' G R>o denotes the M^-component of 
t and tj denotes the J-component of t. Then 

Ii2{rp{t)r) = Ad(a/3(fp(t)r(gr^)))-\t' o Ad{fp{t))6{r)) 

= t'o Ad{a/3{utu-^r{gr^)))-^ Adiutu-^)S{r) 

^ o Ad(a^(«-^r(gr^)))-^ Ad(«-^)5(r) 
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when t — > 0"^. Here, for t e R>o and 5 = ^yj<^_2 £ we write to 5 = Yl'^'^^wi and 
o 6 = lim t o S in □ 

3.3.11. Since the convergences of the canonical sphttings are trivial (cf. 2.4.6, 2.5.5), 
to prove 3.2.6, the rest is the convergences of BS-splittings. To see the latter, we may 
and do assume that we are in the pure case. 

Let \I/ be an admissible set of weight filtrations and let W G Fix an SL(2)- 
orbit q whose associated set of weight filtrations is Let X = Z* and let Qr, = 
©m€X 0R.,TO. be the direct sum decomposition, where t e (R^)* acts via Tq on Qn^m 
as the multiplication by f^. 

In this paragraph, we prove the following: 

Let r be a point on the torus orbit associated to q. Let J be a subset of ^ and let tj 
be the restriction of Tq to the J -component G;^ of j^. Let h E gn, be an element 
whose m-component is zero (m G X) unless m{j) < for all j G J. Then, there are 
an open neighborhood U of O'^ in R>q and real analytic maps fi : U Gvf'.r Q'^c? 
f2 : U ^ Kr such that Int(Tj(t))~-^(exp(/i)) = fi{t)f2{t) for any t e U n R>o, and, 
furthermore, Int(rj(t))(/i(t)) extends to a real analytic map on U. 

To prove this, first, we take an R-subspace of Qr, satisfying the following (l)-(3). 

(1) Qn^V(BUe{Kr). 

(2) V is the sum of V±m := V D (0R,m + Sr -m) for me X. 

(3) Lie(G'^^/,„,R) CV C Lie(Gvy',R). 

Then there exist an open neighborhood O of in gR and a real analytic function 
a = (ai, 02) : O ^ V (B Lie(i^r) having the following properties (4)-(7). 

(4) For any x &0, exp(a;) = exp(ai(a;)) exp(a2(a;)). 

(5) a(0) = (0,0). 

(6) exp : O — )■ Gr is an injective open map. 

(7) For k = 1,2, at has the form of absolutely convergent series = Yl'^o ak,r, where 
ak,r is the part of degree r in the Taylor expansion of at 0, such that ak^rix) = 
lk,r{x ® ■ ■ ■ ® x) for some linear map lk,r '■ 0r^ 0R having the following property: If 
mi, . . . ,mr e X and Xj G Qji,mj for ^ <j <r, then hA^'i-'^' " •'^^r) e J2m SR,m, where 
m ranges over all elements of X satisfying \m\ < |mi| + • • • + jm^l. Here | | : Z* — >■ N* 
is the map sending {m{j))j to 

This is proved similarly as [KU3], 10.3.4. Or, if we choose V such that V = 
Lie(p(R>o)) © L for some L as in [KU3], 10.1.2 (such a choice is always possible), 
this is seen by loc. cit. 10.3.4 just by taking ai{x) = H{fi{x), f2{x)), a2{x) — fsix), 
where H{x, y) = x + y + ^[x,y] + ■ ■ ■ is a Hausdorff series. 

Now consider the decomposition h = X^mex (hm £ 5R,m)- By assumption, km = 
unless m{j) < for any j G J. Then, Ad{Tj{t))-\h) = T.mext-'^'hm (t G R^q) 
extends to a real analytic map g : R>q — >■ 0r sending O'^ to 0, where mj G Z"^ is the 
J-component of m. Let U = g~^{0), fj = expoaj o ^ (j = 1, 2). It is enough to show 
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that Ad{Tj{t)){ai{g{t))) extends to a real analytic map around 0. This is a consequence 
of the property (7) of ai. In fact, in the notation in (7), ai{g{t)) = ai{^t~"^-' hm) is 
the infinite formal sum of (8)- --(g)/!^^) {rrij eX,h^^ e 0R,m,- 

(1 < J < r)). Since the weights m of h,r{hmi ®" " '®hm^) satisfies \m\ < |mi| + - • ■ + |mr |, 
we conclude that Ad{Tj{t)){ai{g{t))) extends to a real analytic map over 0"^, as desired. 

3.3.12. We continue to assume that we are in the pure situation. 
Let be an admissible set of weight filtrations and let W' e . We prove the 
following, which completes the proof of Proposition 3.2.6: 

Let p e -DsL(2)(^)j let r be a point on the torus orbit associated to p. Let J be 
the set of weight filtrations associated to p. Then, spl^/(Tp(t)r) {t e R>o) converges in 
spl{W') when t tends to 0"^ . 

Remark 1. The proof is easy when W' e J (BS-splitting is then constant on the 
torus orbit) but is not when W' ^ J. See Remark 3 after the proof. 

Proof. Since is admissible, ^ is the set of weight filtrations associated to some 

q G -DsL(2)- Let be a point on the torus orbit associated to q. Then, by Claim 1 in 
[KU3] 6.4.4, there exist v G Gj,r and k G Ky.^ such that Tp = Int(f) (r^^j) and r = vkvq. 
Here Gj,r — {g & Gr | gW" — W" for any W" G J}, and Tq^j denotes the restriction 
of Tq to the J-component G;^ of G* j^. 

Let G^{J) be the R-algebraic subgroup of Gj,r consisting of all elements of Gr 
which commute with any element of j(G^ j^). Then we have the projection Gj ^i — > 
G'r(J), a i-> a(J), where a(J) on S{J,m) {m G Z"') (3.3.7) is defined to be the 
{S{J,m) — » S'( J, m))-component of a : S{J,m) — )> 0^/<m, ?ti'). The composite 
Gr(J) — 7> Gj^R — 7- Gr(J) is the identity map. Since Gr(J) is reductive, any element 
of Gr(J) is expressed in the form be, where b G Gr( J) fl Gw',n and c G Gr( J) Pi 
Kj.^. Write the image of v in Gr(J) as be using such b and c. Then v = bv^c with 
Vu G Gj^R satisfying {vu — l)S{J,m) C 0m/<m5'(J, m) for any m G Z"^. We have 
Int{Tq^j{t))~^{vu) — )■ 1 when t ^ O'^ in R>o- Hence by 3.3.11, there are an open 
neighborhood U of 0"^ in R>q and real analytic maps bu ■ U Gw^n and Cu '-U Kj.^ 
such that livl{Tq^j{t))~'^{vu) ^ Iiit{Tq^ j{t))~^{bu{t))cu{t) for any t G C/nR^g- We have, 
for t G C/nR^o: 

Tp{t)r = VTq^j{t)krq = bbu{t)Tq^j{t)Cu{t)ckVq, 

and hence 

spl^^,(Tp(t)r) = Int(66^(t))Int(Tg,j(0)(spl^^,(c„(t)cA;rg)) 

= Int(66,(t))Int(T,,j(t))(spl^s,(r,)) = Int(66„(t))(spl^^,(r,)) 
^Int(66,(0^))(spl^S(r,)). □ 

Remark 2. In the above proof, spl^/(rg) coincides with the splitting of W associated 
to q. 
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Remark 3. In the case W e J, spl^, (Tp(t)r) constantly coincides with Int(v) spl^/ (rq)| 
with V as in the above proof. 

3.3.13. We prove Proposition 3.2.7 (injectivity of i'a,p)- Recall that a point of -Dsl(2) 
is determined by the associated weight filtrations and the associated torus orbit (2.5.2 

(ii))- 

First, let \E' G W. Assume W ^'^ (resp. W G \E'). We prove that the map 

^oc,P ■■ ^|l(2)(*) (resp. i^SL(2)(*)nspl) 

is injective. Denote Ua,pip) by spV(p), (spl^,(gj.w)(p(gr^)))wG*) (note 

that the symbol n was introduced in 3.3.9). 

Let p G iI>gL(-2)(^) (resp. 1^3^(2) (^)nspi)- Then the set J C of weight filtrations 
associated to p is recovered from P{p) as 

J = 0' G * I /3{p)j = 0}. 

Let a J be the restriction of a to the J-component G;^ ^ of j^^. Since both gr^(rp) 
and gr^(Q:j) split M^'(gr^) for all W G J, there is a unique element u of GR(gr^) 
such that gr^(Tp) = Int('u)(gr^(Q;j)) and such that (l — u)S(J,m) C 0^/<^ '^(•^j "^') 
for any m G Z"^ (cf. 3.3.8). This u is characterized by the following property (1). 

(1) For any W G J, spl^,(gj.w)(p(gr^')) coincides with the splitting of W(gr^') 
defined by the VT'-component of a. 

The torus orbit associated to p is recovered as 

{spV(p)^(i.gr^(a(t))(/.(p)(gr^)), Ad(«a(t))(5(//(p)))) | t G R*o, M = O't}- 
Next, let $ G W. We prove that the map 

ua,^ : i^|[(2)(^) ^ R|o X i^(gr^) X £ X spl(W^) x Ylw'e^^PKW) 

is injective. Denote z/a,;3(p) by (/3(p(gr^)), fi{p{gr^)), spl^(p), {spl^,{p{gr'^)))w'e^)- 
Let p G L>gL(-2-)($). Let J be the set of weight filtrations associated to p. Let 
J = {V^^'(gr^) \ W' e J,W' ^W} C Then J is recovered from ;5(p(gr^)) as 

J=O-G$|^(p(gr^)), = 0}. 

Let /x(p(gr^)) = (x,2/) with x G D(gr^) and 2/ G £ (3.3.10). If y G £, J is the lifting 
of J on -ffo.R by spl^(p). If j/ G £ \ £, J is the union of {W} and the lifting of J on 
-f^o.R by spV(p). 

Let Qjj be the restriction of a to the J-component ^ of G^ j^. Since both fp 
and a J split all W G J, there is a unique element u of GR(gr^) such that gr^(fj3) = 
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Int{u){aj) and such that (1 — u)S{J, m) C ^rn'<m '^('^' "^') ^ ^"^^ '^^^^ 

characterized by the following property (1). 

(1) For any W' e J, spl^/(p(gr^)) coincides with the splitting of W defined by 
the VF'-component of a. 

UW^J (note y e £ in this case) , the torus orbit associated to p is recovered as 

{splw{p)e{ua{t){x),Ad{ua{t)){y)) \ t e R*o, P{p) = O't}. 

E J, y has the shape Ooz with z e {0} (3.3.10), and the torus orbit associated 
to p is recovered as 

{splwip)d{ua{t){x),t' o Ad{ua{t)){z)) \ t e R*o, P(p) = 0"^^, t' e R>o}. 

Proposition 3.2.7 is proved. 

3.3.14. We prove Proposition 3.2.9. The proofs of (i) and (ii) are similar. We give 
here the proof of (ii). 

To prove that another choice {a' , P') gives the same structure as («,/?), we may 
assume either a = a' or ^ = P'. 

Assume first a = a' . Then we have a commutative diagram in which the right 
vertical arrow is a morphism of Br, (log). 

^s[(2)(^) R^o X i?(gr^) X £ {t,y,6) 

II ; ; 

^s[(2)W R|o X i?(gr^) X £ {tp'{y),aP'{y)-'y,Ad{aP'{y))-'6). 

Assume /3 = /3'. Then a' = Int{u)a for some u G Gr such that {u — 1)M^4 C W4_i for 
any W' G $ and for any w G Z. For t G R>05 = a{t)~^ua{t). Then as is easily 

seen, the map R>o ~^ ^ '^t^ extends to a real analytic map R>o — ^ Gr, which 

we still denote hy t ^ Uf. We have a commutative diagram in which the right vertical 
arrow is a morphism in Br (log). 

^|[(2)W R*o X i^(gr^) X £ (t,y,5) 

II i i 

^s[(2)(^) ^^^^ R|o X i^(gr^) X £ {t,uu^\Ad{uu^')6). 

These commutative diagrams prove (ii) of Proposition 3.2.9. 



§3.4. Local properties of -Dsl(2) 

In this subsection, we prove Theorem 3.2.10 and Proposition 3.2.12, give local de- 
scriptions of -DgL^2) -DgL(2) (Theorem 3.4.4, Theorem 3.4.6), and prove a criterion 
(Proposition 3.4.29) for the coincidence of -Dg^j^a) -^sl(2)- 
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3.4.1. Let p e -DsL(2)) let ^» = W{p) (3.2.2), let r be a point on the torus orbit 
associated to p, and let f = r(gr^). Fix R-subspaces 



^CflRlgr*^), 5cLie(Kf) 

satisfying the following conditions (a), (b), and (c). Here Kf. = 11?/,-^?^ with Kf^ the 
maximal compact subgroup of GR,(gr|^) corresponding to (see [KU3], 5.1.2), where 
we write f = {r^)yj as in 3.3.6. Note Kf^ D K^^ for all w. 

(a) 0R(gr^) = i? e Lie(p(R*o)) Ue{K^). 

Here p is the homomorphism — )■ ^^(gr^^ ) defined by 

p(ti,...,tn) = 0^^2(p^(^i,...,t/n) on gr^) with gj = ^ ^^j, 

where n is the number of the elements of $ and ((p^, </?«;) r) is the SL(2)-orbit in n 
variables of rank n with class p (cf. 2.3.5). 

(b) Ue{Kr) = 5 © Ue{K^), where = 11™ (^f- 3.3.6). 

We introduce notation to state the condition (c). Let gR(gr^) = 0^£z* 0R(gr^)m 
be the direct decomposition associated to the adjoint action of ^ via p. Note that 
this action coincides with the adjoint action of G^ via fp (3.2.3). Thus 

0R(gr^)m := {x e SR(gr^) | Ad{fp{t))x = t^x for aU t e {K^'f}. 

The condition (c) is the following. 

(c) R = Emez- R n (0R(gr^)„ + 0R(gr^)_„). 

Such R and S exist. The proof of the existence for the pure case is in [KU3], 10.1.2, 
and the general case is similar to it. We remark that when we are given a parabolic 
subgroup P of GR(gr^), we can take R C Lie(P). 

3.4.2. Let the notation be as in 3.4.1. We define objects Y^\p, r, S) and Y^^ {p, r, i?, 5)1 
ofBR(log). 

Let L = £(r) (1.2.1). 

We define sets Z{jp) and Z{p, R). Let 

Z{p) C R|o X 0R(gr^) X 0R(gr^) x 0R(gr^) 

be the set of all {t,f,g,h) satisfying the following conditions (1) and (2). Let J = 
J{t) := {j e $ I tj = 0}. 

(1) For m e Z*, — unless m{j) ~ for all j E J, fm = unless m{j) < for 
all j e J, and hm = unless m{j) > for all j e J. 
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Here ( )m for m e Z* denotes the m-component for the adjoint action of G* 
under fp. 

(2) Let t' be any element of R*o such that tj = tj for any j e $ \ J. If m e Z* and 
m{j) = for any j e J, then = Ad(fp(f))-^(/^) and gm = Ad{fp{t')){hm). 

Let 

Z{p,R)GZ{p) 

be the subset consisting of all elements (t, /, g, h) satisfying the following condition (3). 

(3) g E R and fm + h-m G R for all m G Z*. 
Let 

Y'\p,r,S)cZ{p)xSxLxQj^,u 

(resp. Y^^ {p, r, R, S) C Z{p, R) x S x L x 5r,„) 

be the set consisting of all elements {t, f, g, h, k, S, u) ((t, /, g, h) e Z{p) (resp. Z(p, R)), 
k e S, 5 e L, u e 0R,u) satisfying the following condition (4). 

(4) exp(A;)f G {K, n G'R(gr^)j) ■ f with J = J(t), where G'R(gr^)j = G 
Calgr^) I gW = W for any W e J}. 

Wc endow Y^^{p, r, 5') (resp. Y^^{p, r, i?, 5')) with the following structure as an object 
of i3R(log). 

Let E = R|o X 0R(gr^) x 0R(gr^) x 0R(gr^) xSxLx 0r,,. Let A = Y'\p, r, S) 
(resp. A = Y^^Ip,y,R,S)). 

We endow ^ with the topology as a subspace of E. 

We define the sheaf of real analytic functions on A as follows. For an open set U of 
A and for a map /:[/—)■ R, we say that / is real analytic if and only if, for any p E U, 
there are an open neighborhood U' of p in U, an open neighborhood U" of U' in E, and 
a real analytic function g on U", such that the restrictions to U' of / and g coincide. 

We show that with this sheaf of rings over R, A is an object of Br. Let Oe be 
the sheaf of real analytic functions on E. Let / be the ideal of Oe generated by the 
following sections am,i and bm,i given for elements m of Z* and for R-linear maps 
/ : 0R(gr^) ^ R: ' 

am,i{tj,g,h,k,d,u) = {Uje^,m{j)<o'tJ"'^^^Wm) - iUje^,m{j)>o'tT^^^yi9m), 

hm,i{t, f,g,h, k, 8,u) = (nje<i.,mO)<o^7"'^^^)^(^rn) - {]\je^,mU)>0'^7^^^)Khm)- 

Here ( )m denotes the m-th component with respect to the adjoint action of by 
nj£$,m(i)<o means the product over all j G $ such that m{j) < 0, and nje$,m(j)>o 
is defined in the similar way. Then / is a finitely generated ideal. Indeed, if li, . . . ,lr 
form a basis of the dual R- vector space of 0R(gr^), am,ij and hm,ij (1 < J < r) such 
that 0R(gr^)m 7^ (there arc only finitely many such m) generate /. Furthermore, the 
inverse image of O^Z-f on Y^^{p^ r, S) coincides with the sheaf of real analytic functions 
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on Y^^ {p,r, S). Hence Y^^ {p,r, S) is an object of Br. Let /' be the ideal oi Oe 
generated by / and by the following sections C4 and dm,i given for elements m of Z* 
and R- linear maps I : gR(gr^) R which kill R: 

ci{t,f,g,h,k,S,u) = l{g), 

dm,l{t, /, 9, h, k, 5, u) = l{fm + /i-m)- 

As is easily seen, I' is a finitely generated ideal. Furthermore, the inverse image of Oe/I' 
on Y^\p, r, R, S) coincides with the sheaf of real analytic functions on Y^^{p^ r, i?, S). 
Hence Y^^ [p, r, R, S) is also an object of i^R. 

We define the log structures with sign of r, 5) and Y^^ {p,r, R, S) to be the 

inverse images of the log structure with sign of R>o- This endows y^^(p, r, S") and 
Y^^{p, r, R, S) with structures of objects of Br (log). 

3.4.3. Define an open subset Yq^ {p, r, S) of Y^^ {p, r, S) by 

Yo''{p, r, S) = {{t, /, g, h, k, 6, u) e Y''{p, r,S)\te K%, 6 e L}. 
We define an open subset Yq^{p, r, R, S) of Y^^(p, r, R, S) by 

Yj'ip, r, R, S) = Y'\p, r, R, S) n Yj'{p, r, S). 
We have isomorphisms of real analytic manifolds 

Yo^'ip, r, S) ^ R% X SR(gr^) xSxLx 0r,„ 
Yq^^P, r, R, S) A R*o X Rx S xLx 0r,„, 

given by 

(t, /, g, h, fc, 5, u) ^ (t, g, /c, 5, u), 
whose inverse maps are given by 

f = Ad{fp{t))ig), h = Ad(fpit))-\g). 

We have a morphism of real analytic manifolds 

Vp,r,s ■Yo^{p,r,S) ^ D, {t, f, g, h, k, S,u) ^ exp{u)sr9{df, Ad{d)S) 

with Sr = spl|y (r), d = fp{t) exp(^) exp(A;) = exp{f)fp{t) exp(A;). 

Let 

vi!r,R,s--Yo''{p,r,R,S)^D 

be the induced morphism. 
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Theorem 3.4.4. Let the notation be as above. IfU is a sufficiently small open neigh- 
borhood ofO:= (0,0,0,0) m 0R(gr^) x ^^(gr^) x 0R(gr^) x S and zf V {p,r, S,U) 
(resp. Y^\p,Y, R, S,U)) denotes the open set ofY^^{p,r,S) {resp. Y^^ {p,r, R, S)) 
consisting of all elements (t, /, (7, h, k, 6, u) such that (/, g, h, k) G U , we have: 

(i) There is a unique morphism Y^^ (p, r, S*, U) — > -^SL(2)(^) category i5^(log) 
whose restriction to Yq^^(p, r, 5, C/) = Yq^PjT, S) D Y^^ {p,r, S,U) coincides with the 
restriction of t]^^^ ^ (3.4.3). 

(ii) The restriction of the morphism in (i) induces an open immersion Y^^ {p^ r, i?, 5", U) - 
^SL(2)(^) category B'^{\og) which sends (O'^, 0, 0, 0, 0, 5(r), 0) e Y^\p, r, i?, S, U) 

to p. 

The proof of this theorem will be given later in 3.4.18-3.4.19. 

Remark. From the proof of 3.4.4 given below, we see that if q is the image of 
(t, /, g, /i, /c, (5, u) e Y^\p, r, S, U) in DsL(2)($), then q e £'sL(2),spi if and only if 5 = 0, 
and W e W(g) if and only if 5 e L \ L. 

3.4.5. Next we consider Dg-^^^y 

Let * = W{p). Let $, r, i?, S be as before in 3.4.1. 

We define an object F^(p, r, i?, 5) of i3R(log) first in the case W ^ W{p). Let 
(*) Y'{p, r, i?, 5) C Y"{p, r, i?, 5) x Qn,u 

be the set consisting of all elements {t, /, g, h, k, 5, li, v) {{t, /, ^f, /i, k, 6, u) e Y^\p, r, i?, S"),! 

£ 9r,u) satisfying the following conditions (5)-(7). Via the bijection — >■ we re- 
gard Tp as a homomorphism G* Aut(iyo,R, W). Let 0r,u = 0^ez* 0R,u,m be the 
corresponding direct sum decomposition. Denote by Um the m-component of m e 0r,u. 

(5) For m e Z*, tt^ = unless m{j) < for all j e J = J{t), and Vm = unless 
m{j) = for all j e J. 

(6) Let t' be any element of R>q such that = tj for any j e $ \ J. If m e Z* and 
m(j) = for any j e J, then = Ad(Tp(t'))~^(tt^). 

(7) SeL in L. 

We endow Y^ {p, r, i?, S") with a structure of an object of i3R(log) via the injection 
y^(p, r, i?, 5) ^ £^ X 0R,u, just as we endowed Y^^{p, r, i?, S) with it via the injection 
Y^^{p,r,R,S) ^Ein 3.4.2. 

Next, in the case W e W(p), we define an object Y^{p, r, i?, 5') of BR(log) by fixing 
a closed real analytic subspace L^^^ of L \ {0} such that R>o x L^^) — )■ L \ {0}, (a, x) 1— )■ 
a ox, is an isomorphism of real analytic manifolds. Via the evident bijection between \E' 
and the disjoint union of {W} and $, we regard Tp as a homomorphism G^^r x G^ ^ — >■ 
Aut(iyo,R,W^). Let 

(*) Y'{p, r, R, S) C R>o X Y''{p, r, R, S) x 0r,, 
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be the set consisting of all elements {to, t, f, g, h, k, S, u, v) (to G R>o, {t, /, g, h, k, S, u) e 
Y^^ {p,r, R, S), V e Qr,u) satisfying the following conditions (5')-(7'). 

(5') (5) holds and furthermore, in the case to = 0, we have exp(v)sr = Sr- 

(6') Let t' be any element of R>q such that tj — tj for any j e $ \ J. Let m e Z* 
and assume m{j) = for any j € J. If to ^ 0, then Vm = Ad{Tp{to,t'))~^{um)- If 
to = 0, then Vm = Ad{Tp{l,t'))~'^{um)- 

(7') 5eLW. 

We endow {p,r, R, S) with a structure of an object in i3R,(log) via the injection 
Y^{p, r, R, S) ^ R>o xBx Qn,u- 

We define a canonical morphism Y^{p, r, i?, S) — )■ Y^^{p, r, R, S). In the case W ^ 
W(p), it is just the canonical projection. In the case W G W(p), it is the morphism 
{to, t' , f, g, h, k, 6, u, v) h- )■ {t' , f, g, h, k, tood, u). In both cases, this morphism is injective. 

Define an open subset Yq{p, r, R, S) of Y^{p, r, R, S) by the inverse image ofYQ^{p, r, R, 5)1 

(3.4.3). Then we have an isomorphism of real analytic manifolds YQ(p,r,R,S) ^ 
Yi'{p,v,R, S). 

Combining this with rjp^j-^ji g (3.4.3), we have a morphism of real analytic manifolds 

vUR,s--yoiP,r,R,S)^D. 

Theorem 3.4.6. Let the notation be as above. Assume W ^ {resp. W E '^). Then if 
U is a sufficiently small open neighborhood of := (0,0,0,0) m gR(gr^) xi?xgR(gr^) x 
5" and if Y\p,Y, R, S,U) denotes the open set of Y\p,r,R,S) defined as the inverse 
image ofU by the canonical map Y\p, r, R, S) — )■ gR(gr^) xi?xgR(gr'^) xS, then there 
is an open immersion Y^ {p, r, R, S, U) Dg^^2) (^) ^'^ ^he category B'^{log) which sends 
(0*,0,0,0,0,5(r),0,0) {resp. (0*, 0, 0, 0, 0, 5(r)(i), 0, 0), where 5(r)(i) G L^^) (3.4.5) 
such that 5{r) = 0o5{r)^^^) to p and whose restriction to Y^{p, r, R, S, U)r\YQ{p, r, R, S) 
coincides with the restriction ofr]p j. ji g (3.4.5). 

The proof will be given later in 3.4.20. 

3.4.7. Before we start to prove 3.4.4 and 3.4.6, we make some preparation. 

Let the notation be as in 3.4.1. Then, there exist an open neighborhood O of in 
0R(gr^) and a real analytic function c = (ci, 02,03) : O R>o X i? x 5 having the 
following properties (l)-(4). 

(1) For any x e O, exp(a;)f = fp{ci{x)) exp(c2(a;)) exp(c3(a;))f . 

(2) c(0) = (1,0,0). 

(3) exp : O — > GR(gr^) is an injective open map. 

(4) For A; = 2, 3, Cfc has the form of absolutely convergent series Ck — Yl'^o '^k,r, where 
Ck^r is the part of degree r in the Taylor expansion of c/- at 0, such that Ck^r{x) = 
h,r{x (8) • • • <8) a;) for some linear map lk,r '■ Q'R.{g^^)'^^ — > 0R(gr^) having the following 
property: If mi, . . . , G Z*^ and Xj G 0R(gr^)m,j for 1 < j < r, then lk,r{xi <^ ■ ■ ■ <S> 
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Xr) e SR.(s^^)m) where m ranges over all elements of Z* of the form X]i<j<r 
with Cj e {1, —1} for each j. 

This is proved similarly as [KU3], 10.3.4. Cf. also 3.3.11. It is clear that there is 
a real analytic c satisfying (l)-(3) unique up to restrictions of domains of definitions. 
The property (4) of Taylor expansion can be checked formally as follows. 

Consider the following formal calculation. 

exp(a;) = exp(t(i) + b^^^ + k^^^) = exp(t(i)) exp(6(i) + x^^^) exp(A;(i)) 
= exp(t(i)) exp(6(i) + t^^^ + b^^^ + fc^^)) exp(fc(i)) 
= exp(t(i)) exp(t(2)) exp(6(i) + 6^^) + ^(2)) exp(/c(2)) exp(fc(i)) = • • • 

Here a; G O, t^^^ G Lie(p(R>o)) with p being as in 3.4.1 (note that the actions of p{t) 
and fp{t) for t e R% on L»(gr^) coincide), b^^^ e R, k^^^ e S, x^^^ e 0R(gr^) for 
any j. Then, we have p{ci{x)) = exp(t(^^) exp(t(^)) • • • , C2{x) = b^^^ + b^'^^ + ■ ■ ■ , and 
exp(c3(a;)) = • • • exp(/c*^^)) exp(A;*^^)), formally. From these, we can prove the property 
(4) formally. 

3.4.8. We prove 3.4.4 till 3.4.19. After that, we prove 3.4.6. Let p, $ and r be as in 
3.4.1. In the notation in 3.4.7, let U = exp(0)f which is an open neighborhood of f in 
-D(gr^). By 3.4.7, there is a real analytic map 

a = (ai, a2, aa) : U ^ R>o x R x S 

such that for any y E U, we have y — fp{ai{y)) exp{a2{y)) ex.p{a2{y))f. (Just put 
aj(exp(a;)f) = Cj{x) for x e O.) 

3.4.9. Fix a distance (3 to ^-boundary such that /5(f) = 1. Here we denote (3{x) = 
P{x{gT^)) {x e D) by abuse of notation. Let p, : D{gT^) — > D(gr^) be the real analytic 
map defined by p{x) = fp{P{x))~^x. Denote the composite D — > D(gr^) A- D{gT^) 
also by p by abuse of notation. Let D{U) C D he the inverse image of U by p. 

Let 

b = bR,s:DiU)^Yj'ip,r,R,S) 

be the real analytic map x ^-)■ (t, /, h, k, 5, -u), where t = I3{x)ai{p{x)), f = Ad(fp(t))(a2(/u(a;))),| 
g = a2{p{x)), h = Ad(fp(t))"^(a2(//(a;))), k = a3{p{x)), 5 = Ad(tp(t) exp(5f) exp(A;))-^(5(x)),| 
and u is characterized by spl^(a;) = exp('u) splp^(r). 

Recall that, in 3.4.4, for an open neighborhood U' of in 0R,(gr^) x 0R,(gr^) x 
0R(gr^) X S, we denote by Y^^{p, r, S, U') the subset of Y^^{p, r, S) consisting of all 
elements {t, g, h, k, d,u) such that {f,g,h,k) G U'. We also defined Yq^ {p^r, S,U') 
and y^^(p, r, R, S, U') there. Now, we define Y^\p, r, i?, S, U') = Y^^{p, r, R, S, U') n 
Yi\p,v,S). 



The next two lemmas are easily seen. 
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Lemma 3.4.10. The composite D{U) — )■ Yq^ {p,r, R, S) D is the canonical inclu- 
sion. 

Lemma 3.4.11. If U' is sufficiently small, the image of Yq^ (p,r, S,U') in D is con- 
tained in Dip) and the map Yq^{p, r, R, S, U') — )■ D{U) — >■ Yq^{p, r, R, S) is the canon- 
ical inclusion. 

3.4.12. We define 

p(J,r, z,6,u) e i^s[(2)(^) 

as follows, for a subset J of $, a point r on the torus orbit associated to p (2.5.2), an 
element z of GR(gr^) which satisfies 

(1) ^GGK(gr^)^, 

an element 6 of L, and an element u of Qr^u- 

This p( J, r, z, 6, u) is the unique element of -Dsl(2) which satisfies the following (2)- 
(5). 

(2) The set of weight filtrations on gr^ associated to p{J, r, z, 5, u) is J. 

(3) The torus action f associated to p( J, r, z, u) is Int{z){fp^j) : G;^ ^ — )■ AutR,(gr^),| 
where fpj denotes the restriction of fp : G^ AutR(gr^) (2.5.6, 2.3.5) to the J- 
component of G^ j^. 

(A) S e L in L if and only if W does not belong to the set of weight filtrations 
associated to p{J, r, z, 5, u). 

(5) The torus orbit associated to p{ J, r, z, S, u) (2.5.2) contains Gxp{u)sr9{z{r{gr^))j Ad(2;)(5))| 
if 5 e L, and contains exp{u)srO{z{r{gT^)), Ad{z){5')) if 5 e L \ L and 5 = 0o5' with 
S' e L \ {0}. 

This p{ J, r, 2, d, u) is constructed as follows. Let n be the cardinality of \1/ = VV(p), 
and identify \E' with (1, . . . , n} as a totally ordered set for the ordering in 2.3.8. In the 
case ^ consider the bijection — )■ In the case e consider the bijection 

\ {W} — > Via these bijections, embed J C $ into In the case 5 e L (resp. 
(5 e L \ L), let m = jj(J) (resp. m = tt(J) + 1) and write J — {ji, . . . , jm} C \& with 
ji < ■■■ < jm (resp. J = {^2, • • -Jm} C ^' with j2 < ■ ■ ■ < Jm)- Let ((p^i,, (pw)w, r) 
be an SL(2)-orbit in n variables of rank n whose class in -Dsl(2) is P- Then, in the 
case 5 e L (resp. 5 e L \ L), the p( J, r, z, 5, u) is the class of the following SL(2)-orbit 
{{p', (fi') = (p^, (f'yj)w, I"') in ™ variables of rank m. 

p'igi, ■■■,9m) ■= Int(2)(p(^i, . . . , g'J), 

(p'{zi,...,Zm) ■■= Z(f{z[,...,z'J, 

r' := exp(w)sr6'(z(r(gr^)), Ad(2)(5)) 

(resp. r' := exp{u)sre{z{r{gT^)), Ad{z){5')) with 5' e L \ {0}, 5 = 0o 5'), 
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where g'^ and z'j (1 < j < n) are as follows. If j < jk for some k, define g'j := gk and 
Zj := Zk for the smallest integer k with j < jf~- Otherwise, g'j := 1 and z'j := i. 

Let Yi := y/^ (p, r, 5) be the subset of Y^^ {p, r, S) consisting of all elements {t, f,g,h, k, 5, tt)| 
such that hm = unless m{j) = for all j e J{t). We have Yi D Yq := y(f^(p, r, 5'). 
We have 

(6) A point {tj,g,h,k,5,u) E y/^(p,r,>5) is the limit of yit',5') G YQ^^{p,r,S) 

defined by 5') = (t',/, Ad(Tp(t'))-H/), Ad(Tp(t'))-'(/), fc, 5', tx), where G o, 
5' G L, and t' tends to t and 5' tends to 6. Write exp(A;) ■ r — k' ■ r with k' G 
-f^'f n GR(gr^)j. Note that k' commutes with fp{t'). The image of y{t',5') in D is 
exp(w)sr^(^(f), Ad(^)(5")), where z = exp(/)A;%(t') and (5" = Ad((A;')"^ exp(A;))(y). 

We extend the map rip^j.,s : — >^ -D in 3.4.3 to a map 

v"r,sit, f, g, h, k, 5, u) = p{J, r, z, S', u), 

where J, z, and S' are defined as follows. Let J = {j G $ | tj = 0}. Let t' be an element 
of R>o such that t'j = tj for any j G $ \ J, and let k' be an element of Kr fl (j'R(gr^) j 
such that exp(/c) ■ f = k' ■ f. Let 2 = exp{f)k'fp{t') and 5' = Ad((/c')~"'^ exp(/c))5. 

We will use the following fact (7) which is deduced from 10.2.16 of [KU3]. 

(7) Let II : i:'sL(2)(^) ^ D(gT^) be the extension of a^(x{gT^))-^x(gT^) (x G D) 
given in 3.2.6 (ii). Then, if p' G -Dg£(-2)(^) and if is sufficiently near to //(p), p' is 
expressed as p( J, r, z, 5', u) as above. 

Lemma 3.4.13. There are an open neighborhood U' of in 0R(gr^) x ^^(gr^) x 

0R(gi'^) X S and a morphism ^ : Y^\p,r,S,U') — )> Y^^ {j>,y, R, S) which satisfy the 
following conditions: rj^^j. s sends Yq^ {p,r, S,U') into D(U) and the restriction of ^ to 

Yfl^{p, r, S, U') coincides with the composite Y^\p, r, S, U') D{U) A Y^\p, r, R, S)\ 

where h is in 3.4.9. 

Proof. Let x = rj^^j. ^(t, /, g, h, k, 6, u) and write h{x) as (t', /', g' ^ h\ fc', 5', u'). 

First we show that each component t',f',g', . . . extends real analytically over the 
boundary of y^^(p, r, S, U') for some U' . Since n{x) = fp(/3(exp((7) exp(/c)r))~^ cyjp{g) exp(/c)f,| 
this extends over the boundary. Hence, so does ajiJ,{x) for each j — 1,2,3 (3.4.8). On 
the other hand, /3{x) = t/3{ex.p{g) exp(A;)f), and this is also real analytic over the bound- 
ary because /? is so. Thus, t', g', k' extend. Further, u' — u trivially extends. We have 
5' = Ad(fp(t') exp(5i') exp(A;'))~^ Ad(fp(t) exp((7) exp(/c))(5). Since g' and k' already 
extend and since t't~^ = I3{exp{g) exp{k)f)aifi{x) also extends, so does 6'. 

The rest are /' and h', that is, to see that Ad{fp{t'))^^ a2n{x) extend real analytically. 
We can replace t' in the last formula with t because t' = tp{exp{g) exp{k)f)ai{iJ,{x)). 
Further, by 3.4.7 with the formal construction there, a2{fi{x)) = C2{g). Hence, it is 
enough to show that Ad{fp{t))'^^ C2{g) extend. 
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Consider the decomposition g = Xlmez* 9m {9m e 0R(gr^)m)- Then, by the prop- 
erty (4) of C2 in 3.4.7, C2{g) = C2(X1 9m) is the infinite formal sum of l2,r{9mi ® ■ ■ ■®fi'm,,) 
{rrij e Z*, e 0R(gr^)^^- (1 < j < r)). Now the weights m of hAdm^ ® ■■■ ® 
9mr) satisfy m = '^ejinj with Cj G {1,-1}. Decompose l2,r{9mi ® ••• ® 9mr) iiito 
h,r,m{9mi ® " • • ® 9mr) according to the weights, where m ranges over such ^ ejirij. 
We wiU see that, for each m and j E {1, —1}, fp{t)H2,r,m{gmi ® • • • ® ^m^) extends over 
the boundary. We explain the proof for j = 1. The other case is similar. In this 
case, we observe fp{t)l2,r,m{9mi ® ■■■ ® 9m^) is (n(^"'0''0^2,r,m(fi'mi ® ■ ■ ■ ® 9m^) = 
h,r,m{{t'^'r'9m, ® ••• ® (t"^'^)'^'^^m J- Since t^Qm = /„^ and = hm, the last 

function extends to a real analytic map over the boundary. Shrinking U' if necessary, 
we may assume that / and h are sufficiently near to 0, and the above infinite sum 
converges, as desired. 

Next we show that in the ambient product space containing Y^^ {p, r, S), the image 
of each element y = {t, f, g, h, 5ju) of Y^\p,r, S,U') by the extended coordinate 
functions in fact belongs to y^^(p, r, i?, 5), which completes the proof. For t' e R*o 
such that t'j = tj for any j e $ \ J with J = J{t) and for 5' e L, let y{t', 5') = 
{t' , f , g' ,h' ,k,5' ,u) e Yq^{p,y,S), where f',g',h' G 0R(gr^) are defined as follows. 
Let m G Z*. Then f'^ = {f'f'^hm, gL = [t'Thm, h'^ = hm if > for any j G J, 
/m = /m, = Z^:^ = it')-^"^ fm if m(j) < for any j G J and m(j) < 

for some j G J, and f^ = g'^ — h'^ — Oif otherwise. Here {t')"^ := Ylj^^it'j)"^^^^ etc. 
Then, y{t', 5') ^ y in r, S) when t' t and 5' 5. 

We have to prove that the limit {to, fo, go, . . .) oi the image {t", f",g",. . .) of y{t', 5') 
in the ambient product space satisfies the conditions (l)-(4) in 3.4.2. First, it is easy 
to see J := J{to) = J{t). (2) and (3) are deduced from the corresponding conditions on 
{t", f" , g" , . . .). (1) is also seen from the condition (2) on {t" , f" , g" , . . .). For example, 
we show (/o)m = unless m{j) < for any j G J. We have = {t")^g'^ for any 
m G Z*. Since t" = t'P{ex.p{g')ex.p{k)f)aiiJ,{y{t',5')), if there is some j E J such 
that m{j) > 0, the above equality implies — )■ • (limgr^) = 0. Hence we have 
(/o)m = 0. Finally, (4) is seen as follows. Let k' be the element of Lie(-ftrf) such that 
ex.p{g) = exp((7o) exp(A;') and k'^ — unless m{j) — for any j G J. Then, we have 
exp(/co) = exp(/c') exp(/c). Hence ko satisfies (4). □ 

Lemma 3.4.14. There are an open neighborhood U' of in 0R(gr^) x gR(gr^) x 
gR(gr^) X S and a morphism Y^\p, r, S, U') ^ B := K% x L'(gr^) x £ x spl{W) x 
rivi^'e* spl(VF') whose restriction to Yq^{p, r, S, U') coincides with the composite i'fp,p° 
Vl!r,s (3.2.6,3.4.3). 

Proof. It is enough to show that the composite map from Yq^{p, r, S, U') extends com- 
ponentwise over the boundary. The components except the last ones (BS-splittings) are 
easily treated. For example, the first two were already treated in the proof of 3.4.13. 
The extendability of BS-splittings is reduced to 3.4.13. In fact, let W G Then, 
by 3.4.10 and 3.4.13, it is sufl&cient to prove that the composite Yq^ {p, r, R, S, U') — > 
Yq^ {p,r, S,U') — )■ spl(VF') extends to a real analytic map on Y^^ {p,r,R,S,U') under 
the assumption R C Lie(GR(gr'^)vK')- Assuming this, we prove fm € Lie(GR(gr^)vK') 
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for any (t, /, h, k, 6, u) G Y^^{p^ r, i?, S', U') and any m G Z*. This is clear if m{W') < 
0. If m(W^') > 0, since + G C Lie(G'R(gr^)H/') and G Ue{G^{gr^)w'), 
we have G Lie(GR,(gr^)vi/')- Thus, exp(/) belongs to GYi{g'^^)w' so that the 
concerned component is spl^/ (exp(/)Tp(t) exp(A;)r) = exp(/) spl^/(r) gr^ exp(/)~^, 
which is real analytically extends over the boundary. □ 

Lemma 3.4.15. There exist open neighborhoods U" C U' ofO in 0R,(gr^) X0R,(gr^) x 
0R(gr^) X S such that, for any y G Y^^ {p,r, S,U"), there exists yi G Yi^{p,r,S) fl 
Y^^{p,r,S,U') such that {yi,y) belongs to the closure ofYQ^{p,r,S) x^Yq^ {p,r, S) in 
Yf{p,T,S)xY''{p,r,S). 

Proof. For any subset J of take R = Rj as in 3.4.1 such that Lie(GR(gr^) C Rj. 
Here G-R,{gT^) j^u denotes the unipotent part of GR(gr^) j. For this R = Rj, let Uj he 
the neighborhood U in 3.4.8, and let U' be a neighborhood of in gR(gr^) x gR(gr'^) x 
0R(gr^) X 5" such that Y^^ {p.r, S,U') is contained in {r]p^r^^s)~^{f]j D{U j)). 

Let y — {t, /, g, /i, /c, 5, u) G Y^^ {p, r, S, U'). For t' G R>o such that t'^ — tj for any 
j G ^» \ J with J = J it) and for 5' G L, consider y{t' , 5') in the proof of 3.4.13. 

Let R = Rjit)- Then, for any {t',5') which is sufficiently near to (t, 5), the point 
S') := bR,s{r]i!r,siy(t'^ '^'))) is well-defined and S'), y{t' , 5')) G Y^\p, r, 5) Xz,| 

Yq^ {p.,Y, S). Furthermore, yi{t',d') converges to an element yi of Y^^ {p,r, S) when 
t' -T- t and 5' — )> 5 by 3.4.13. We show that the limit yi — (to, /o? fi'o? ^o? • • • ) be- 
longs to Y-^^ (j),r, S), that is, (/io)m = if m{j) > for any j G J(t) = J{to) and if 
m(j) > for some j G J{to). Fix such an m. Then, we have 0R(gr^)_m C Rj and 
0R(gr^)m n i?j = {0}. Hence the property (/o)-m + {ho)m e -Rj implies (/io)m = 0. 

Finally, for a sufficiently small U" C C/', the above correspondence y ^ yi sends 
Y^\p, r, 5, C/") into Y^\p, r, 5, C/')- ^ 

Lemma 3.4.16. (i) On the intersection ofYi = Yf{p, r, S) and Y{U') := Y"{p, r, S, U')§ 
the map Y{U') B in 3.4.14 coincides with the restriction of the composite Yi 

(ii) For a sufficiently small U' , the image ofY(U') B in 3.4.14 is contained in the 
image ofDl[^^^{^). 

Proof, (i) follows from (6) of 3.4.12. (ii) follows from (i) and Lemma 3.4.15. □ 

Lemma 3.4.17. Let U be a sufficiently small open neighborhood off in D(gr^) and let 
-^SL(2)(^) inverse image of U under Dg^2)(^) -D(gr^). Let q G D^Q\^f^2){U) , 

and let Yq be a point on the torus orbit associated to q. Then, the limit lim h{Tq{t)Yq) 

exists in Y^^ {p, r, R, S) and independent of the choice of Yq. 

Proof. We reduce this to 3.4.13. First, by (7) in 3.4.12, we may assume that q has 
the form p( J, r, 5, m) such that is the point in 3.4.12 (5). Hence it is the image 
of some yi = {s, f, g,h,k,5,u) G Yi by rj^p^y. s 3.4.12. Then, Tq{t)Yq is the image of 
yi{t) ■■= {f, /, Ad(fp(t'))"V, Ad(fp(t'))"V, k,S",u), where t' G R*o such that t'j = tj 
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for any j E J and tj = Sj for any e $ \ J and 5" = 5 if 5 e L and 5" = tw ° 3' for 
5' e L in 3.4.12 (5) if 5 e L \ L. Since yi{t) converges to yi, the sequence b{Tq{t)rq) 
converges to the image of yi by ^ in 3.4.13. The last independency is clear. □ 

Denote this limit by b{q). Thus, b in 3.4.9 is extended to a map D^^^^^{U) — > 

3.4.18. We prove 3.4.4. (i) of 3.4.4 follows from (ii) of 3.4.16. We prove (ii) of 3.4.4. 
We first describe the idea of the proof. 

Locally on Y{R, S) := Y^^{p, r, R, S), we define an object X of ,BR(log) which con- 
tains Y(R, S) having the following properties. 

(1) The morphism Y{R, S) ^ B (defined locally) extends to some explicit morphism 
X ^ B (locally). (It will be explained in 3.4.19.) 

(2) As an object of i3R(log), X is isomorphic to the product R>oX (a real analytic 
manifold) xL. Hence, for any x e X, the local ring Ox,x is isomorphic to the ring of 
convergent power series in n variables over R for some n. Note that F(i?, S) need not 
have this last property (because Y{R^ S) can have a singularity of the style t\x = t2y), 
and this is the reason why we use X here. 

(3) Ox\y{r,s) Oy{r,s) is surjective. Here Ox\y{r,s) is the inverse image of Ox 

on y(i?, S). 

(4) Ob\x — > Ox is surjective. Here Ob\x denotes the inverse image oi Ob on X. 

Though (3) is shown easily, (4) is not. But by the property of the local rings explained 
in (2), the property (4) is reduced to the surjectivity of '^B,y /'^'b y '^x,xl'^x 
where x ^ X and y is the image of x in B. This is the injectivity of the map of tangent 
spaces T^(X) Ty{B), where Tx{X) and Ty{B) are R-linear duals of mx,x/i^'x x 
'i^B,y/^'B y respectively, and this injectivity will be explained in 3.4.19. 

By (3) and (4), we have the surjectivity of Ob\y{r,s) ~^ ^y{r,s)- Since Y{R, S) ^ B 
factors (locally) as Y{R, S) ^ A ^ B hy 3.4.16 (ii), where A := i?sL(2)(^)' 

we see that 

the map Oa\y(r,s) ^ Oy(r,s) is surjective. 

Since the map Y{R,S) A has the inverse map A Y{R,S) (locally) by 3.4.17, 
Y{R, 5) — )■ A is bijective locally. 

Since Oa\y(r.s) ^y(r,s) is injective (they are sub-sheaves of the sheaves of func- 
tions), we have {Y{R, S), Oy{r,s)) — Oa) locally. It is easy to see that this isomor- 
phism preserves the log structures with sign. 

3.4.19. We give the definition of X and the proof of (4) in 3.4.18. 

Actually X is constructed at each point of Y{R,S). We give the construction at 
p = (0*^, 0, 0, 0, 0, 5(r), 0) e Y{R, S) and the proof of (4) for the tangent space at p. The 
general case is similar. 

We define the set X to be the subset of E := Rjg x 0R(gr^) x 0R(gr^) x 0R(gr^) x 
5" X L X ^R „ consisting of all elements (t, /, g, h, k, (5, u) satisfying the following conditions 
(l)-(3). 
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(1) If m e Z*^ and m{j) > for any j e then = f^gm and gm = f^hm- Here 

J-m TT J.'Tl(i) 

(2) If m e Z* and m(j) < for any j e then hm = t~'^gm and g^ — t~^fm- 

(3) g E R and fm + h-m G R for aU m G Z*. 

Define the structure on X as an object of ;BR(log) by using the embedding X G E just 
as we defined the structure of Y{R, S) as an object of i3R(log) by using the embedding 
y(-R, S*) C £■ in 3.4.2. Then it is clear that X is isomorphic to a product R>oX (a real 
analytic manifold) xL as an object of Br (log). 

We give a morphism X ^ B which extends Y{R, S) ^ B and prove the prop- 
erty (4) in 3.4.18 for it. We define the morphism componentwise. Let Xq be the 
inverse image of R>o x by the natural map X R^o X L. First, we define 
Xq B' := R>o X -D(gr^) x £ x spl(VF) as the projection after z^-fp,/? o where 
rj sends {t, f,g,h,k,d,u) to ex.p{u)sr9{df, Ad{d)d) with d = fp{t) exp{g) exp{k) . Then 
this map Xq — > B' extends to X — > B', as seen easily in the same way as in 3.4.14. Next, 
for each j = W' E we give an extension to spl(VF'). Define Xq spl{W') as follows. 
Consider the decomposition gR(gr^) = 0< ©0>o, where g< = Y.m{j)<o 0R(g^^^)m and 
0> = I^mO)>o 0R-(g^^)"t- Then there are a neighborhood Vi of in gR(gr^) and a 
real analytic map (c<, c>) : Vi ^ 0< x 0> such that for any (7 G Vi, we have exp(gf) = 
exp(c<(5f)) exp(c>(5f)). Further, let M be an R-subspace of Zlm(i)>o SR-(g^^)™ <^<^^" 
taining 0> such that 0R(gr^) = M © Lie(i^f)- Then, there are a neighborhood V2 of 
in gR(gr^) and a real analytic map (c'l, C2) : V2 — > M x Lie(i^f) such that for any 
g' E V2, we have exp(^') = exp{—Cc'i{g')) cxp(c2((7')), where C is the Cartan involution 
at f. We define Xq ^ spl(M^') (locally) as spl^^/(exp(c<(/)) exp(-C(c;(c>(/i))))f). 
This extends to X ^ sp\{W') and gives an extension of Y{R,S) spl(VF'), since 
Int(fp(t)) exp{g) — exp(/) etc. on Y{R, S). 

We prove the surjectivity of Ob\x — > Ox- We write the proof of the surjectivity for 
the stalk at p. (The general case is similar.) It is sufficient to prove the injectivity of 
Tp{X) — )■ Tq{B), where q denotes the image of p in B. 

The first tangent space is identified with the vector subspace V of R*^ x 0R(gr^) x 
Qnis^^^) X 0R(gr^^ ) X S X Lx consisting of all elements (t, /, g, h, k, 5, u) satisfying 
the following conditions (1) and (2). 

(1) /m = fi'm = if m(j) > for any j G and gr^ = /i^ = if m{j) < for any 
3 e 

(2) g e R and fm + h-m G R for aU m G Z*. 

The injectivity of the map of tangent spaces in problem is reduced to the injectivity 
of the following map. 

V-^H'^xRxSxLx 0R,„ X (n,g$ 0R(gr^)), 

{tj,g,h,k, S,u) H> {t,g,k,S,u,{vj)j^^), 
68 



where Vj = J2mij)<oifm - C{h_m))- 



Assume that the image of {t, f, g, h, k, d,u) E V under this map is zero. Then clearly 
we have t = g = k = 5 = u = 0. We have also 

(i) If m{j) < for some j G $, then — h-m = 0. 

Indeed, if m{j) < for some j G $, then fm — C{h-m) = 0. Since h-m + C{h-rn) £ 
Lie(i^f), fm + h-m G i?n Lie(i^f) = 0, and consequently we have (i). 

This shows that if m{j) < and m{j') > for some j,j' G $, then fm = f-m = 
hm = h-m = 0. If m{j) < for any j G $ and if m{j) < for some j G then 
fm = h-m = by (i) and f-m — hm. = by the definition of V. If m(j) > for any 
j G we have similarly fm = hm = f-m = h-m = 0. □ 

3.4.20. We prove 3.4.6. We deduce it from 3.4.4 (ii) as follows. 

Let G W and let $ be the image of in W (3.2.2). Take a distance to ^-boundary 

p. 

Let E be the subset of R*q x q^^u x 0r,m consisting of all elements (t, u, v) satisfying 
the conditions (5) and (6) (resp. (5') and (6')) in 3.4.5 in the case where W ^ (resp. 

G \&). We regard E as an object of Br, (log) in the similar way as in the case of 
Y''ip,r,R,S) (3.4.2). 

Assume first W ^ Let D^^^^^{^y be the open set of -DgL(2)(^) consisting of all 
elements q such that W ^ W(q') (this condition is equivalent to the condition that the 
Z-component of i'fp,p{Q) (3.2.6 (ii)) is contained in £). Then -DgL(2)(^) fiber 
product of 

in i3^(log), where the first arrow is given by x {(3{x),u) with spl^(a;) = exp(w)sr, 
the second arrow sends (t, u, v) to (t, tt), and the morphism -DgL(2)(*) E is given by 
X !->■ {P{x),u,v) with spl^(x) = exp(w)sr and splp^(y) = exp{v)sr for the D-componcnt 
y of Ur^,,3 (3.2.6 (i)). Since Y^{p,r,R,S) is the fiber product of Y^^{p,r,R,S) 
R->o X dR,u ^ E, 3.4.6 is reduced to 3.4.4. 

Next assume W E . Let (3q : C \ {0} — )■ R>o be a real analytic function such 
that (3o{a o S) = aPo{6) for any a G R>o and 5 G £ \ {0}. Denote the composite 
-^SL(2)(^)nspi ~^ {0} ~^ ^>o also by /3o, where the first arrow is the ^-component 
of i/^^,;3 (3.2.6 (n)). Then (^o, ■■ D ^ R*o = R>o x R*o is a distance to ^-boundary. 
As an object of ^^(log), -D|l(2) nspi(*) fiber product of 

^s[(2),nspl(*) ^ R-lo X 0R,n ^ E, 

where the first arrow is given by x i— ((/3o, /9)(a^), w) with spl-^y{x) — exp('u)sr. On the 
other hand, if we denote by F*(p, r, i?, S')nspi (* = I-, II) the open set of Y*{p, r, R, S) 
consisting of all elements satisfying 5 7^ 0, Y^{p, r, i?, /S')nspi is the fiber product of 

Y^\p, r, i?, 5)„spi ^ R>o X 0R,„ ^ E 
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in B^(log), where the first arrow is given by (t, /,^, h, k, S,u) i->- ((a,t),tt) for 5 = ao5^^^ 
with 5^^) e L*^^) (3.4.5). From these facts, 3.4.6 is reduced to 3.4.4 also in the case 
W e^^. 

3.4.6 is proved. 

3.4.21. We prove 3.2.10. _ 

We first prove (ii) of 3.2.10. Let $ G W. We prove 

Claim 1. For $' C the inclusion map -DgL(2)(^') ~^ -^sl(2)(^) '^'^ open 
immersion in i3^(log). 



Let CK be a splitting of $ and let /3 he a distance to ^-boundary. Since Dq^^2){^') is 

SL(2)' 

(2)^ 

component of a and let (3' : _D(gr^) — )■ R^q be the ^'-component of P : D(gr'^) R-^o- 
Then we have a commutative diagram 



the inverse image of {t G R>q | t j 7^ if j G $ \ under the map /3 : -DgL(2)(^) 
R|o, it is an open subset of D^^[,^J^). Let a' : G^'j^ Aut(gr^) be the $' 



Dg^,^{<^') ^ R|; X i;(gr^y X £ 

n 4, 

Dg^.^i^) ^ R|o X i;(gr^) X A 

where D(gr^)' = {x G £>(gr^) | P'{x) = 1}, the upper horizontal arrow is induced 
by (a', (3') as in 3.2.6, the lower horizontal arrow is induced by (a, /3) as in 3.2.6, and the 
right vertical arrow sends it,x,d) G K^^xDigr^YxCto {{t, fi{x)),a^{x)-^x,Ad{a/3{x))-^S).f 
Here by the fact P{x)j — 1 for any j G we regard {t, P{x)) as an element of 
R^'o X RJo*' C R>o. From this, we obtain 

Claim 2. Let DtJ^^^^{^') be the set D^l^^^ ($') endowed with the structure of an object 
o/i3^(log) as an open set of D^^^2)i^) ■ Then the canonical inclusion map Dg^^^{^') — >■ 
Dg^2)(^') 0- morphism in i3^(log). This morphism is an isomorphism if and only 
if for any W G the composite 1)3^2) (^0 -^sl(2)(*) ^ spl(VF'), w/iere the last 
arrow is induced by spl^/, is a morphism in ,B^(log). 

By Claim 2 and by 3.4.4, for the proof of Claim 1, it is sufficient to prove 

Claim 3. Let p' G -Ds[(2)(^) ^'^^ ^' = ^ip') ^ Let r' be a point on 

the torus orbit associated to p' . Then, for a sufficiently small open neighborhood U of 
(0'^',0,0,0,0,5(r'),0) inY^\p',v',S) (S is taken for v'), the composite U ^ D^^l^^^{^') ^| 

-^sl(2)(*) ~^ spl(l^') is a morphism ofB'^iiog). 

We prove Claim 3. Take p G Dq[^^^^{(^) such that $ = W(p). Let a = fp and take a 
distance to ^-boundary /3 such that [i{Kr ■ r) = 1. Note that such a {3 exists (cf. [KU2], 
4.12). For each G Z, let Q{w) G >V(gr|^) be the image of and let Q = {Q{w))y,. 
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Let i^sL(2)(gr^)(Q) = n»£'sL(2)(grJ:r)(QH)- Let fl : DsL(2)(gr^)(Q) ^ i^(gr^) be 
the extension of D(gr^) — >■ £)(gr^), x i->- Q!^(a;)~-'^a;, induced by 3.2.6 (ii). Let a' = fp/. 
We first prove 

Claim 4. T/iere errzsts y e GR(gr'^)vK' •s^^c/i t/iat p'{y~^p') £ -K'f -r? wherep' = p'(gr^). 

In fact, by Claim 1 in 6.4.4 of [KU3], there are z e GR,(gr^)$/ and k E Kf. such that 
a' = lnt{z){a^>) and f' = zkf, where is the restriction of a to Write z = zqZu, 
where zq commutes with a^/{t) {t G (R^)^ ) and z^ G G'R(gr^)$/ We can write 
zq = yko, where y and ko commute with aq>'{t) {t G (R^)* ), y G GR(gr^)vi/', and ko G 
We have ft{y~^p') — kokr. In fact, since p' — limQ:'(t)r' = limza{t)kf, ft{y^^p') is 
the limit of p,{y~^za{t)kf) = p,{a{t)y~^Ztkf) = p,{y~^ztkf), where Zt = fp{t)~^ zfp{t) , 
which converges to p,{y~^zokf) = p,{kokr) = kokf e Kf -r. 

Let y be as in Claim 4. Then, for g G -D near p' in -Dg^2)(^')5 spl^/(g) = 
y spl^,{y~^q)y{gr^ )~^, where g = g(gr^). We denote the right-hand side of the 
last equation by Int(y) spl^/(j/~^g). From this, we may replace p' by y~^p' and hence 
we may assume p{p') G ■ r. 

Take an R-subspace V of Lie(GR(gr^)vK') such that gR(gr^) = V® Lie(ii:r). For 
q G D near p' in D^^i^^-^{^') , write p{q) G exp(v(g)) ■ K^. ■ f with v{q) G V and write 

/(g) = Int(Q!/3(g))(exp(f (g))) G GYi{gr^)w' ■ Then, since g = aP{q)p{q), we have 

sp\^,{q) = Int(/(g))(sp4S,(a^(g)f)) = Int(/(g))(spl^s,(f)). 

Here the last equality follows from Int(a(t)) spl^/(f) = spl^/(r) for any t. By 3.4.4 and 
the real analycity of ai in 3.3.11, v{q) extends over the boundary, and hence so does 
/(g), that is, for a sufficiently small open neighborhood U of (0*^ , 0, 0, 0, 0, (5(r'), 0) in 
Y^^{p', r', S), there is a morphism U — > Gji{gr^)\Y' which is compatible with the map 
YQ^{p',r',S) — )■ GR(gr^)H" induced by /. Hence spl^, extends over the boundary. 
This completes the proof of Claim 3, and hence the proof of Claim 1. 

By Claim 1, on -Dsl(2)5 there is a unique structure as an object of i3^(log) for which 
each iI>g^2)(^) ^ is open and whose restriction to Dg^^^^(^) coincides with the 
structure of Dq^^^^{^) as an object of i3^(log). By 3.4.4, this object -Dg^2) of ^r{^^S) 
belongs to ,BR(log). 

Next, (i) of 3.2.10 follows from (n) of 3.2.10 and 3.4.6. 

We prove (iii) of 3.2.10. It is clear that the identity map of -Dsl(2) is a morphism 
-^SL(2) ~^ -^SL(2) i^ ^nO-Og) and that the log structure with sign on -Dsl(2) ^^e 
pull-back of that of -DgL(2)- It is also clear that, in the pure case, this morphism 

-^SL(2) ~^ -^SL(2) isomorphism. 

It remains to prove that in the pure case, the topology of DsL(2) defined in [KU2] 
coincides with the topology defined in this paper. 

Assume that we are in the pure case. 

The topology of -Dsl(2) defined in [KU2] is characterized by the following properties 
(1) and (2) ([KU3]). 
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(1) For any e W, D^^^^J'^) is open and is a regular space. 



(2) Let p e -DsL(2): let r be a point on the torus orbit associated to p, and let 
= W{p). Then, for a directed family {p\)\ of points of D, {p\)\ converges to p 
in -DsL(2)(*) if and only if there exist t\ G R>0' 9>^ ^ SR-' ^ Lie(Kr) such that 
P\ = Tp{tx)exp{gx)exp(kx)r, tx 0* in R^q, Ad{Tp{tx)y (gx) for j = ±1,0, and 
kx^O. 

It is sufficient to prove that the topology of Dg^^^-^ (= the topology of D^^^^^)) this 
paper satisfies these (1) and (2). (1) is clearly satisfied. We prove (2). 

Assume P\ p for the topology of this paper. By 3.4.4 (ii), for some px = 
{tx,f\,9\,hx,kx) e Yo{p,r,R,S) C R^q x 0r x 0r, x 0r x Ue{Kr) such that px = 
Tp{tx) ex.p{gx) ex.p{kx)r, we have px (0*, 0,0, 0,0) in Y{p,r,R,S). Since fx = 
Ad{Tp{tx)){gx) and hx = Ad(Tp(tA))"'(^A), we have tx ^ 0*, Ad{Tp{tx)y (gx) ^ 
for j = ±1,0, and kx — ?■ 0. Conversely, assume px = Tp{tx) ey^pigx) G^p{kx)T^ for some 
tx e R*o, 9x e 0R, kx e Ue{Kr) such that tx ^ 0^, Ad{Tp{tx)y (gx) ^ for j = ±1, 0, 
and kx 0. Then if we put fx = Ad{Tp{tx)){gx) and hx = Ad{Tp{tx))~^{gx), then 
{t\J\,g\,hx,kx) converges to (0*, 0,0, 0,0) in Y{p,r,S). By Theorem 3.4.4 (i), this 
shows that Tp{tx) exp(^A) exp(A;A)r converges to p for the topology of this paper. 

3.4.22. In 3.4.23 and 3.4.27 below, we give local descriptions of D^^^^-^ and -D|l(2) 
as topological spaces, respectively. Compared with the real analytic local descriptions 
in 3.4.4 and 3.4.6, wc have simpler descriptions here. 

We define a topological space Z^^^ij), R) as the subspace of R>q x R consisting of all 
elements (t, a) satisfying the following condition (1). 

(1) Let m e Z*. Then = unless either m{j) > for all j e J or m{j) < for 
all j e J. 

We define a topological space Yj^^p(p, r, i?, 5") as the subspace of Zl^^{p, R) x S x L x 
dR,u consisting of all elements (t, a, /c, S, u) ((t, a) G Z^^^^p, R), k E S, S E L, u E g-R,u) 
such that (t, k) satisfies the condition (4) in 3.4.2. Let Yq Iqp{p, r, R, S) be the open set 
R^o X Rx S X L X Q^^u of >^topb' "S"), and let 

^pfr,fl,S,top • ^O^top(P) R,S)^D 

be the continuous map 

{t, a, k, 6, u) 1-^ ex.p{u)si.9{dx^ Ad{d)5) 

with rf = fp(t)exp(E^^2* 9m/{V^ + t-'^))^Mk)- 
Here t^ = ]\.^^tf'\ 

Proposition 3.4.23. Let the notation he as in 3.4.4. Then there are an open neighbor- 
hood V o/ (0*, 0, 0, 5(r), 0) in Y^J^{p,Y,R,S) and an open immersion V -^sl(2)(^) 
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of topological spaces which sends (0*, 0, 0, (5(r), 0) to p and whose restriction to V H 
Yq I^pIPjT, R, S) coincides with the restriction o/ r/p^j. s top (3.4.22). 

3.4.24. This 3.4.23 follows from 3.4.4, because we have a homeomorphism 

Y"{p, r, R, S) - r//p(p, r, R, S), {t, f, g, h, k, 6, u) ^ {t, a, k, 6, u) 

with a = f + h, 

where, in Ylm^ ranges over all elements of Z'^ such that either m{j) > for any j G 
J{t) or m(j) < Oforanyj G J{t) (note that (l+t-2"^)-S (t™+t-"^)-S (t^^^ + l)"^ G R 
are naturally defined for such m). 

3.4.25. Remark. In the pure case, at the beginning of [KU3] §10, it is suggested 
that the local homeomorphism with yj-^p(p, r, J?, 5") in 3.4.23 may be used to define a 
real analytic structure of -Dsl(2)- If we do so, we regard Y^l^^p{p,r, R, S) as an object 
of Br (log) by using the embedding Y^lfp{p, r, R, S) R>o x R x S x L x £|r,,„ in the 
same way as we did so for Y^^{p, r, R, S) by using the injection Y^^{p, r, R, S) ^ E 
(3.4.2). However the definition of the real analytic structure of -Dsl(2) in this paper, 
which is given by the local homeomorphism with y^^(p, r, i?, 5"), is slightly different 
from this suggested one in [KU3] §10. The above map Y^^ (p, r, i?, 5") — > Y^Jp{p, r, R, S) 
is real analytic and is a homeomorphism but the inverse map need not be real analytic 
at (0*,0,0,5(r),0). 

3.4.26. We define the topological space Y^Qp{p,r, R, S) as follows. 

In the case ^ let Y^^^p{p, r, i?, S) be the subset of Y^^Jp{p, r, i?, S) x gji^^ con- 
sisting of all elements (t, a, k, 5, u, v) {{t, a, k, 5, u) G Y^J^{p, r,R,S), v & 0r,u) such that 
(/:, 5, It, v) satisfies the conditions (5)-(7) in 3.4.5. 

Similarly, in the case G let Y^^^{p, r, R, S) be the subset of R>o xyj.^p(p, r, R, 5") x| 
0R,ii consisting of all elements (to, a, 5, -u, v) (to G R>o, (t, k, 5, u) G Y^J^{p., r, i?, S)^ 
V G 0r,m) such that (to,tjd,UjV) satisfies the conditions (5')-(7') in 3.4.5. 

We define a canonical map Y^l^^{p,r, R, S) — )■ Y^Jp{p,r, R, S). If ^ it is the 
canonical projection. If otherwise, it is {tQ,t\a,k,6,u,v) i— )> {t' ,a,k,tQ o d,u). Let 
Y'o^^-op(p, r, i?, S") be the open set of Y^q^{j>.,y, R, S) defined by the inverse image of 
^o^(op(P:r,i2,5) by this canonical map. Then, Yl^^^{p,Y,R,S) Y^^^^^{j>,v, R, S) 
is a homeomorphism. Let Vp,r,R,s,top '■ ^d,top{PT^T D he the continuous map 

obtained from rj^^^. ^ ^ ^^^p and the last homeomorphism. 

Proposition 3.4.27. Let the notation be as in 3.4.6. Assume W ^ {resp. W e 
Then there is an open neighborhood V o/?;;=(0*, 0, 0, 5(r), 0, 0) {resp. (0*, 0, 0, 5{r)^^\ 0, 0) J 
where 5(r)(i) G L^^) (3.4.5) such that 5{r) = o 5(r)(i)) in Y^ip{p,r, i?, S) and an open 
immersion V — -DgL('2)(^) of topological spaces which sends v top and whose restriction 
to V n Yq^^^^Ip, r, R, S) coincides with the restriction of rjpj. g (3.4.26). 
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This follows from Theorem 3.4.6, just as that 3.4.23 follows from 3.4.4 in 3.4.24. 



3.4.28. We prove 3.2.12. 

We prove (i). It is sufficient to prove that the topology of -DgL(2) has the prop- 
erty (2). Let p e -DsL(2) and let \1/ be the set of weight filtrations associated to p. 
In the following, we assume ^ The case where G \I/ is similar. Assume 
first that {px)x {px £ D) converges to p. Then clearly (a) and (b) are satisfied. 
Take a distance to ^^-boundary ^ such that /3(r) = 1 and let fi : L>|l(2)(^) ~^ ^ 
be the extension of a; i->- Tpf3{x)~^x given in 3.2.6 (i). We show that (c.I) is satis- 
fied for tx := Pipx)- We have tx = I3{j>x) Pip) = 0*, and Tpitxy^Px = fJ'ipx) 
fi{p) = r. Next assume (a), (b), and (c.I) are satisfied. Take a = Tp and take /3 
such that /3(r) = 1. We prove px — )■ P- It is sufficient to prove that Va^pipx) con- 
verges to t^cAp) = (0*' spV(r), (spl^^,(g,w)(r(gr^)))i4//evi,) in R|q x D x spl(VF) x 
riwe* spK^'(si'^))- The spl(VF)-component and the spl(VF'(gr^))-component of 
^oi,i3{px) converge to spl^(r) and to spl{^/(-gj.w-)(r(gr'^')) by (a) and (b), respectively. Let 
ax = t^^(3{px) e R>o- By taking (3 of Tp{tx)~^px i", we have ax — >■ 1. Since tx — >■ 0*, 
P{px) = txax converges to 0*. Finally, aP(px)~^px = rp{ax)~^Tp(tx)~^px r. 

The proof of (ii) is similar to that of (i). 

3.2.12 is proved. 

Proposition 3.4.29. The following conditions (l)-(3) are equivalent. 

(1) The topology of D^^^^) coincides with that of D^^^^y 

(2) -DgL(2) ^''^^ ^Sh{2) coincide mi3R,(log). 

(3) For any p G -DsL(2); for any w,w' & Z such that w > w' , for any member W of 
the set of weight filtrations associated top, and for any a, 6 G Z such thatgr^ iS'^n)) 
and gr^ (gi'^) 0? '"^^ have a >b. 

Remarks, (i) Assume that the equivalent conditions of Proposition 3.4.29 are sat- 
isfied. Then, for any G W and for ^ = {W'{gY^) \ W e ^,W' W} e W, 
^SL(2)(*) = ^SL(2)(*) 'SR(log) if VF G and -DgL^a)!*) "^P®^ subobject of 

^SL(2)(*) in general. 

(ii) As is easily seen from 2.3.9, Examples I-IV in 1.1.1 satisfy the above condition 
(3), but Example V does not. See 3.6.2. 

3.4.30. Proof of Proposition 3.4.29. 

We first prove that (1) implies (3). Assume that (3) is not satisfied. Then for 
some p G -DsL(2)7 there exists W G W{p) having the following property. There are 
w, w', a, 6 G Z such that gr^ is^^) and gr^ is^^') are not zero, and w > w' and a < b. 
There is a non-zero element u of 0r,u such that the VF'-component Tp^w' satisfies 
^d{Tp^W'{t))u = t^~°'u for all t G . Take any real number c such that < c < 6 — a. 
We have W ^ W . For t > 0, let e{t) be the element of R>q whose VF'-component is t 

and whose all the other components are 1. Let $ be the image of in W (3.2.2). Take 
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a point r e -D on the torus orbit associated to consider an element p' of Y^ij)-, r, i?, 5) 
of the form = (e(0), 0, 0, 0, 0, 5, 0, 0) G y^(j9, r, i?, 5), let e(t) be the image of e(t) 
in R|o, and let v" = (e(0), 0, 0, 0, 0, 5, 0) G Y^^{p,r,R,S) be the image of p'. When 
t e R>o tends to 0, (e(t), 0, 0, 0, 0, 5, t^u) G Y^^{p,Y,R,S) converges top". But this 
element of Y^^ip, r, i?, S) is the image of (e(t), 0, 0, 0, 0, 5, t^+'^-'^w) G r^(p, r, i?, 5) 
which does not converge to p' when t — > because c + a — 6 < 0. By 3.4.4 and 3.4.6, 
this proves that the topology of D^^^^^ and that of D^^^^^ are different. 
It is clear that (2) implies (1). 

It remains to prove that (3) implies (2). Assume that (3) is satisfied. As in (i) of 
Remarks after 3.4.29, D^^^^^i^) is an open set of Dq^^^-^{(^). 
By 3.4.4 and 3.4.6, it is sufficient to prove 

Claim. For a splitting a of'^, the map R*o x 0R,u 0R,u, {^^''^ ^ A.d{a{t))~^ {u) 
extends to a real analytic map R>q x 0r,u — >■ 0r,m. 

By (3), for the adjoint action of by ct, 0r,u is the sum of the eigen spaces 

(0R,u)m for all m G Z* such that m < 0. This proves the claim. □ 



§3.5. Global properties of -Dsl(2) 

In this §3.5, we prove that the projection -Dsl(2) ~^ spl(VF) x L>sL(2)(gi'^) is proper 
(Theorem 3.5.16). We prove also results on the actions of a subgroup F of G-z on -Dsl(2) 
and on -Ds[(2) (Theorem 3.5.17). 

Concerning the properness of D^^^^-^ over spl(H^) x -Dsl(2) (gr^), we prove a more pre- 
cise result. We define a log modification (3.1.12) -DsL(2)(gr^)~ of -DsL(2)(gr^), which 
is an object of Br (log) and is proper over -DsL(2)(gr^), such that the canonical pro- 
jection L>sL(2) ^ ^SL(2)(gr^) factors as i:>sL(2) £>sL(2)(gr^)~ ^ ^SL(2)(gr^)- We 
prove that as an object of i5R(log), -Dg^2) is an L-bundle over spl(VF) x -DsL(2)(gr^)'" 
(Theorem 3.5.15). Here L = C{F) for any fixed F G il>(gr^), and L is the compactified 
vector space associated to L (3.2.6). This is an "SL(2)-analogue" of the fact ([KNU2], 
Theorem 8.5) that Dbs is an L-bundle over spl(VF) x D-Qsis^^)- The properness of 
-^SL(2) ^^^^ spl(VF) x -DsL(2)(gr^) follows from this. 

3.5.1. We define the set L'sL(2)(gr^)~. 

By an SL{2)-orbit on gr^, we mean a family {pwjfw)wez, where, for some n > 0, 
{Pw: fw) is an SL(2)-orbit for grj^ in n variables for any G Z satisfying the following 
condition (1). 

(1) For 1 < j < n, there is G Z such that the j-th. component of is non-trivial. 

This n is called the rank of {pw, fw)w 

We say two SL(2)-orbits {p^, '^w)w and (p^, 't>'^)w on gr^ are equivalent if their ranks 
coincide, say n, and furthermore there is t = (ti, . . . , tn) G R>o such that 

= Int(p«,(t))p„, (p'^ = pw{t)ipyj 
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for any e Z, where Pw{t) is as in 2.5.1. 

Let -DsL(2)(gr^)"" be the set of aU equivalence classes of SL(2)-orbits on gr^. 

Note that SL(2)-orbits on gr^ just defined are in fact what should be called non- 
degenerate SL(2)-orbits on gr^. We omitted this adjective in the above definition, since 
we use only "non-degenerate" ones for the study of -DsL(2)(gr^ )"'• 

3.5.2. The canonical map i:>sL(2) ^ ^SL(2)(gr^) = Ilwez ^SL(2)(gr^) factors as 

^SL(2) ^ ^SL(2)(gr^)~ ^ ^SL(2)(gr^), 

where the second arrow is 

-DsL(2)(gI'^)'" ^SL(2)(gI'^), (class of {pw,^w)w) ^ (claSS of ipyj,^w))w, 

and the first arrow is defined as follows. Let p e -Dsl(2) be the class of an SL(2)- 
orbit {{pw, 'Pw)w, r) in n variables of rank n and let be the associated set of weight 
filtrations. Then the image p of p in -DsL(2)(gi'^)"" is the class of the following SL(2)- 
orbit (p^, <f'^)w on gr^. If ^ (p^, ip'^)^ = {p^, ^w)w and hence p is of rank n. If 
VF e then (p^, <y?^)w is an SL(2)-orbit on gr^ of rank n — 1 defined by 

P'wigii ■ ■■i9n-l) = PwO-,91, ■ ■■,9n-l), (p'yj{zi, . . . , Zn-l) = (pw{h Zi, . . . , Zn-l), 

for w G Z. 

The map Dsl(2) ^SL(2)(gr^)~ is surjective. 

The map L'sL(2) ^ W, p ^ W(p),_(_3.2.2) fectors through ^sl(2) ^ DsL(2) (gr^)~. 
For q G -DsL(2)(gi'^)~7 we denote by W((j) G W the element W{p) for p an element of 
DsL(2) with image q in -DsL(2)(gr^)"'9 which is independent of the choice of p. 

The map -DsL(2)(gi'^)'^ -DsL(2)(gi'^) is also surjective. This is shown as fol- 
lows. For each tu G Z, let {pwi^w) be an SL(2)-orbit on gi^ in n{w) variables of 
rank n{w). Let n = max{n(w) | w G Z}, and let {p'w,<fi'y)) be the SL(2)-orbit on 
gr^ in n variables defined by p^(5fi, . . . , g^) = p^(5fi, . . . , gn(w)) and ip'^{zi,..., z^,) = 
V7^(^i,...,2;^(^)). Then (class of {pnj,V^w))w e ^SL(2)(gr^) is the image of the 
element (class of (p^,y?^)tt,) in i^sL(2)(gr^)~ (cf. 3.5.1). 

The map -DsL(2)(gi'^)~ -DsL(2)(gi'^) need not be injective (see Corollary 3.5.12, 
Example V in 3.5.13). This is explained by two reasons. The first reason is as follows. 
For SL(2)-orbits (p^, (p^)w and (p^, (p'^)yj on gr^, their images in -DsL(2)(gi'^) coincide 
if and only if (p^,,, (/j^^) and (p^, Lp'^) are equivalent for all w, and the last equivalences are 
given by elements of R!!^q™'' which can depend on to G Z (here n{w) = rank(p^„, (fyj) = 
rank(p^, </?^)) not like the equivalence between (p^^, (pw)u) and (p^,</?^)«; defined as in 
3.5.1. The second reason is as follows. For p G -Dsl(2)5 the image of p in -DsL(2) (gi'^)~ 
still remembers W(p) G W, but the image of p in -Dsl(2) (gr^) remembers only the image 
of this element of W in ^{g^w) (3.3.1). As in 3.3.2, the map W^Uw W(gr|f ) is 
described as ($, {^{w))w) i-^ {^{w))w, and not necessarily injective. 
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3.5.3. For Q = {Q{w))^ez e U^^z^^igr^) (3.3.1), let i^sL(2)(gr^)(Q) be the 
open set of -DsL(2)(gr^) defined by 

^SL(2)(gr^)(Q) = n.,z ^SL(2)(grr)(Q(«^)) C i?SL(2)(gr^), 

as in 3.4.21. 

Define 

i^SL(2)(gr^)~(g)cDsL(2)(gr^)~ 

as the inverse image of i^sL(2)(gr^)(Q) m i^SL(2)(gr^)~. For p e i^sL(2)(gr^)~, P 
belongs to £)sL(2)(gr^)'"(Q) if and only if ^> := >V(p) satisfies ^{w) C Q{w) for all 
w e Z. 

3.5.4. Let Q = {Q{w))^ e Il^ez W(grlJ'), let 5 = i^sL(2)(gr^)(Q), and let S = 
©w6Z N*^*^™). Then we have a canonical surjective homomorphism S — > Ms/Og char- 
acterized as follows. For any distance to (5('Uj) -boundary = i(!^w,j)jeQ{w) '■ -D(gr^) — )■ 
R^Q™"* given for each w e Z, this homomorphism sends m = {{'fTi{w, j))jQQ(^))w G 5 

{m{wjj) E N) to (Hiyez jeQ{w) l^w^j^'''^) modC^. This homomorphism lifts locally 
on 5" to a chart S >o. 

In 3.5.5-3.5.7, we will define and study a finite rational subdivision Eg of the 

cone Hom(«S,Rgf) = Il^ez I^>o™^ ^nd in 3.5.9 we will identify i:>sL(2)(gr^)'"(Q) 
with the associated log modification S{T,q) (3.1.12) of S. We will see in 3.5.10 that 
there is a unique structure on -DsL(2)(gi'^)~ as an object of i3R(log) for which each 
^SL(2)(gr^)^(Q) {Q e n»6z ^isr^)) is open in I^sL(2)(gr^)^ and the induced struc- 
ture on it coincides with the structure as the log modification. 

3.5.5. For Q = {Q{w))wez G riujez ^(g^w")' define a finite rational subdivision 
Eg of the cone Htosz I^>o™'* follows. 

First we recall that, for a finite set A, the barycentric subdivision Sd(A) of the cone 
R>Q is defined as follows (cf. [I] 2.8). Let J(A) be the set of all pairs {n,g), where n 
is a non-negative integer and ^ is a function A — > {j e Z | < j < n} such that the 
image of g contains {j G Z | 1 < j < n}. For (n, ^) e ^(A), define the subcone C{n,g) 
of R|o by 

C{n, g) = {(aA)A€A \ ax < if g{X) < g{iJ,), oa = if 51(A) = 0}. 

Then the set of cones Sd(A) := {C{n,g) \ {n, g) G J(A)} is a finite rational subdivision 
of R>05 and is called the barycentric subdivision o/R>q. The map 

J(A)^Sd(A), {n,g)^C{n,g), 

is bijective. For {n,g) e J(A), the dimension of C{n,g) is equal to n. 

Let Q = {Q{w)).u, e nwez^(g^lir)- -^^^ each e Z, we regard Q{w) as a totally 
ordered set by 2.1.13. 
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Let A = |J^^2 Define a subcone C of R|o = O^^ez '^>q by 

C = {((a«;,i)ieQ(«;))«; e n«;6zI^>o"'^ I < aw,j' w e Z, e Q{w) and j > j'}. 
Let 

Sd'(A) = {cT e Sd(A) I a c C} c Sd(A), 

J' (A) = {{n,g) e J(A) | g{w,j) < g{w,j') ilwE Z,j,j' e Q{w) and j >/} C J(A). 

Here and hereafter, g{w, — ) denotes the restriction of the map g on Q{w) C A for any 
w. Then 

Sd'{A) = {C{n,g)\{n,g)eJ'{A)}, 

and Sd'(A) is a subdivision of C. 
We have an isomorphism of cones 

(1) Ho = U^ez'^i^^ ^C, b^c, 

where c^j := ^k€Q{w),k>j for e Z and j e Q{w). 

Let Eg be the subdivision of the cone R>q = Y[w€Z^>o"^ corresponding to the 
subdivision Sd'(A) of the cone C via the above isomorphism (1). 

3.5.6. Let W Hwez W(gr|^) be the map defined in 3.3.1. 

For Q = {Q{w))^ e Uw&z^is^w)^ let W(Q) C W be the set of all $ e W such 
that ^{w) C Q{w) for any w e Z. 

Proposition 3.5.7. Let Q = {Q{w))w e Hwez ^(S^S^)- Then we have a bijection 

W(Q) ^ Eg, $ ^ (7$, 

where cr$ is i/ie sei of all elements {{bw,j)jeQ{w))wez of Ilwez -f^>o^'' satisfying the 
following condition (1). 

(1) Let w,w' e Z, J e Q{w), j' e Q{w'). Assume that, for any M e $ stic/i that 
j < M(grS'), we have j' < M(grJ;^) (2.1.13). Then 

^k€Q(w),k>j^w,k ^ ^keQiw'),k>j' ^w',k- 

Remark. The condition (1) is equivalent to the following conditions (la) and (lb): 
(la) byjj — unless there is an M e ^> such that j = M(gr^). (lb) byjj — bw',j' if 
there is an M e $ such that j = M(grJ^) and / = M(gr|^). 

Proof. By construction in 3.5.5, we have bijections J'(A) ~ Sd'(A) ~ Eg. Under 
these bijections, the above 0"$ is equal to the element of Eg corresponding to the 
element C{n,g) G Sd'(A), where (n^g) is the element of J'(A) (A = \_\^qzQ(''^)) 
defined as follows. Let n be the cardinality of that is, n = dimcr$. Let M(i) = 
(M(i)('u;))^,...,M(^) = {M^''\w))y, be the all members of $ such that M^^\w) < 
■ ■ ■ < M^'^\w) for any w E Z with respect to the ordering in 2.1.13. Then, for e Z 
and j e Q{w), define 

giwj) = ^{k\l<k<n, M^''\w) > j}. 
By 3.3.2, this map W{Q) ^ J'(A), $ ^ (n, g), is bijective. □ 
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Lemma 3.5.8. Let Q e Uwez^is^w)^ let p e S = i:'sL(2)(gr^)(Q); let q be a point 

o/i^SL(2)(gi-^)~(<5) lying over p, let ^ = W(g) (3.2.2), and let aq = a$ G Eg (3.5.7). 
Let P'{(Jq) C Af|^>o p 3.1.13. r/iat is, for S and S in 3.5.4, let S{aq) be 

the subset of S^^ consisting of all elements m of S^^ such that the homomorphism 
<SSP — )■ R defined by any element of aq sends m into R>o, let P{(7q) he the image of 
S{aq) in {M^ /0^)p, and let P'{o'q) be the inverse image of P{aq) in Af|'>op- Then 
we have 

(1) P'{aq) = {/ e p I f{Tq{t)rq) convcrgcs %n R>o}, 

(2) P'{aq)^ = {/ e Mg^^Qp I f{Tq{t)rq) convcrgcs to an element o/R>o}. 

Here Vq is a point on the torus orbit associated to q, Tq : R>q — )■ Aut(gr^^) is fqi in 
3.2.3 for a point q' e -Dsl(2) lyi-ng over q, and t tends to 0*. 

Proof. In the notation of 3.5.4, P\(7q) C M^^q ^ is written as 

P'i'^q) = Um65K) ^S,>0,pIlweZ,jeQiw) l^wj 

where m = {{m{w, j))jQQ(^-))wez- This coincides with the right hand side of (1) by 
3.2.6 (ii). Since P'(ag) x = P'{aq) n P'{aq)-\ (2) foUows. □ 

Theorem 3.5.9. Let Q e n«,ez >^(gJ^^)- 

(i) Let DsL(2)(gr^)(SQ) be the log modification (3.1.12) o/ DsL(2)(gr^)(Q) corre- 
sponding to the subdivision Eg of the cone Ylw^z "^yo"^ ^'^ 3.5.5. Then we have a 
bisection 

DswM'^riQ) ^ i^SL(2)(gr^)(SQ) 

which sends a point q o/ _DsL(2)(gr^)'^(Q) lying over p e -DsL(2)(gr^)(Q) the point 
{p,aq,hq) (3.1.13) o/ _DsL(2)(gi'^)(SQ) ly'i'ng over p, where aq is as in 3.5.8 and hq is 
the homomorphism defined by 

hq : P'(f7,)X ^ R>o, / ^ lim f{Tq{t)Vq), 

where Vq, Tq and $ = W(q') are as in 3.5.8. 

(ii) Let $ e W(Q), and /ei DsL(2)(gr^)~($) C i^sL(2)(gr^)~ be the image of 
-^SL(2)(^)- Then DQ{^(2)i^) coincides with the inverse image o/ DsL(2)(gr^)~(^) in 
-DsL(2)- Furthermore, let a^ e Eg 6e as m 3.5.7, then -DsL(2)(gr^)'"($) coincides 
with the part o/ -DsL(2)(gi'^)~(Q) which corresponds to the part -DsL(2)(gr^)(c$) o/ 
DsL(2)(gr^)(Eg) under the bisection in (i). 

Proof Let p e £>sL(2)(gr^), let A be the fiber of L»sL(2)(gr'^)'^ ^^SL(2)(gr^) on 
p, and let B be the set of all pairs ($, -Z^), where $ is an element of W whose image in 
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U^yVisr^) is 0^{p{s^^)))w and Z is an R^o-orbit in D(gr^) contained in Uy^Z^, 
where Z^, is the torus orbit associated to p{gr^). Then we have a bijection from A to 
B given hy ($, Z), where $ = W(q') and Z is the torus orbit associated to q. 
Assume that Q{w) = W(p(grJ^)) for all w. Then, once $ G W((5) is fixed, the set 
of all Z such that ($, Z) e i? is a (J|^^2 I^>o™^)/-^>o"to^sor. On the other hand, 
let a be the cone corresponding to and let C$ be the set of all homomorphisms 
P'{a)^ — > R>o which extend the evaluation C>op ~^ ^>Q at p. Then C$ is also 

a (f|^g2; ^>o"'^)/-^>o"^^^sor with respect to the following action. By the canonical 
isomorphism M^g ^/O^q ^ ~ Ilwez we have an isomorphism 

Hom(Mfo,,/0-o,„ R>o) R.^z ^f^^ 
which induces an isomorphism between quotient groups 

Hom(P'(a)x/0^o,p,R>o) ^ 

Since C$ is a Hom(P'(cr) ^ / C'>o,p: R>o)-torsor in the evident way, it is a (Hwez R'>o^'*)/R' 
torsor. Let be the subset of A consisting of all e ^ such that W(q') = Then 
the bijection A ^ B induces a bijection A<j, — )■ B^. The map A$ — )■ C$ which sends 
q e A$ to the homomorphism P'{a)^ ^>o, f ^ lin^t^o* fijq(f)'^q) (3.5.8) induces 
a map B^ — )■ C$ which is compatible with the action of (H^ygz -^>o^^)/-^>o- Since 
5$ and C$ are (IlTOez R->o"''')/R'>o"^o^sors, this map B^ — > C$ is bijective. Hence the 
map A^ C$ is bijective. 
3.5.9 follows from this. □ 

3.5.10. We regard -DsL(2)(gr^)"" as an object of i3R(log) as follows. For Q e 
nw,6Z^(g^S^)' -C'sL(2)(gr^)~((5) is regarded as an object of i3R(log) via the bijec- 
tion in Theorem 3.5.9. If Q' e Uwez^i&^w) and Q'{w) C Q{w) for all w e Z, 
i^SL(2)(gr^)~(Q') is open in L»sL(2)(gr^)~(Q) and the structure of i^sL(2)(gr^)~(Q') 
as an object of BR,(log) coincides with the one induced from that of -DsL(2)(gr^)~(Q), as 
is easily seen. Hence there is a unique structure on -Dsl(2) (gr^)~ as an object of i3R(log) 
for which -DsL(2)(gi'^)""(Q) are open and which induces on each -DsL(2)(gr^)'^((5) the 
above structure as an object of i3R(log). 

Proposition 3.5.11. Let p e DsL(2)(gr^)- Then the following two conditions are 
equivalent. 

(1) The fiber of the surjection -DsL(2)(gr^)'^ -DsL(2)(gr'^) over p consists of one 
element. 

(2) There are at most one w e Z such that the element p{w) o/ DsL(2)(grS^) does 
not belong to D{gT^). 

Proof. This is seen easily by the proof of 3.5.9. □ 



From this it follows: 
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Corollary 3.5.12. The following three conditions are equivalent. 

(1) I^sL(2)(gr^)~ ^ i^SL(2)(gr^) is bijective. 

(2) -DsL(2)(gr^)"" — -DsL(2)(gi'^) 'is an isomorphism of local ringed spaces over R. 

(3) There are at most one w & Z such that -DsL(2)(gr]^) D{gT^). 

3.5.13. Consider L>sL(2)(gi'^)~ ^or five examples I-V in 1.1.1. 

For Example I-Example IV, we have £>sL(2)(gr^)~ = I^sL(2)(gr^) by 3.5.12. 

Example V. Let M be the increasing filtration on gr^ defined by 

M_3 = C M_2 = M_i = Re'i C Mq = Mi = M_i + Re'^ C M2 = gr^ . 

Let M' be the increasing filtration on gr]^ defined by 

Mil = C = M{ = Re^t C = grf . 

Let Q = {Q{w)}^ez be the following: Q(0) := {M}, Q{1) := {M'}, and Q(t(;) is the 
empty set for w G Z \ {0, 1}. Let A := {M, M'}. 

Then the subdivision Eg of R>q = Hmez ^>o"^ ™ 3.5.5 is just the barycentric 
subdivision of R>o- In the notation in 3.5.5, < n < 2 and 51 is a function A — )■ 
{0, . . . , n}, and hence the fan Eg consists of the vertex {(0, 0)} and the following cones 
according to the cases m = 1, 2, 3, 4, 5 in 2.3.9. 



0. 


n 


= 0, g{M) 


= 9{M') = 


0, and C(0, = 


{(0,0)}. 


1. 


n 


= 1, 9{M) 


= 1, 5(M') 


= 0, and C{l,g) 


= R>o X {0}. 


2. 


n 


= 1, 9{M) 


= 0, ^(M') 


= 1, and C(l,^) 


= {0} X R>o. 


3. 


n 


= 1, g{M) 


= 9{M') = 


l,andC(l,^) = 


{{ax)x e R|o 1 om = ctM'}- 


4. 


n 


= 2, giM) 


= 2, g{M') 


= 1, and C{2,g) 


= {{0'X)\ e R>o 1 > Om'} 


5. 


n 


= 2, g{M) 


= 1, ^7(M0 


- 2, and C{2,g) 


= {(«a)a G R>q Gm < flM'} 



Let S be the corresponding "blowing-up of R>q at (0, 0)" , i.e., the closure B of R>q 
in the corresponding blowing-up of at (0, 0). 

Let S — -DsL(2)(gi'^)(Q)- Then the inverse image -DsL(2)(gi''^)~(Q) of S via the 
projection -DsL(2)(gr^)" ^ ^SL(2)(gr^) (3.5.3) is the log modification ^(Eq) in 3.1.12 
(3.5.9 (i)), and we have the following commutative diagram. 

5(EQ) = i^SL(2)(gr^)~(g) - Bxn'x{±l} 



5 = i^SL(2)(gr^)(g) - R|oXR2x{±l}. 
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In the above isomorphism for -DsL(2)(gr^)~(Q), the class Pm in -DsL(2)(gr^)~(Q) of 
the SL(2)-orbit in Case m in 2.3.9 corresponds to the point (6^, (0, 0), 1) of S x x 
{±1}, where is the following point of B; bi is the limit of (t, 1) G ri>o for t — ?■ 0, 62 
is the limit of (1, t) for t — )■ 0, 63 is the limit of {t, t) for t — )■ 0, 64 is the limit of (to^i, ^i) 
for to,ti — >■ 0, and 65 is the limit of (to, ^o^i) for to, 0. 

Proposition 3.5.14. The map -Dsl(2) ~^ -Dsl(2) (gr^)" is a morphism o/i3R(log). 

The proof is given together with that of Theorem 3.5.15 below. 

Theorem 3.5.15. Fix any F G D(gr^), let L = C{F), and let L be the compactified 
vector space associated to the weightened vector space L of weights < —2. Then F)g^^^-^ 

is an L-bundle over s\A{W) x -DsL(2)(gi^^)'" >SR,(log). 

For the definition of the compactified vector space L, see the explanation after 3.2.6 
(see [KNU2], §7 for details). 

Proofs of 3.5.14 and 3.5.15. We deduce 3.5.14 and 3.5.15 from 3.4.4. 

Let p G -D|^2) let p' be the image of p in Dqi^i^2){&^)^ ■ L^t r G -D be a point 
on the torus orbit associated to p and let f be the image of r in il>(gr^). It is sufficient 
to show that for some open neighborhood U of p' in -Dsl(2) (gi'^)'", if we denote the 
inverse image of U in -Dg^2) by tJ-, then U is open in -Dg^2)5 projection U ^ U is 

a morphism of BR(log), and U is isomorphic ioU x spl(VF) x L as an object of Br (log) 
over U X spl(VF). 

For m; G Z, let py, = p(gr^) and r^^, = Y{gx^). Take {Ryj.Syj) for (p^,r^) as 
a pair in 3.4.1. Let $ = >V(p) and Q{w) = W{pw)- Let R' be an R-subspace 

of n™Lie(p«;(R?^"^)) such that Yl^Ue{pWR>^^^)) - Lie(p(R^o)) ® Let R = 
iUw ^w) © R' and = Then {R, S) is a pair for (p, r) as in 3.4.1. 

Let Y{p, r, ,S) (resp. Y{p, r, i?, 5)) be the subset of Z{p) x S (resp. Z(p, i?) x S) 
consisting of all elements {t, f,g,h,k) {{t,f,g,h) G Z{p) (resp. G Z{p,R)), k e S) 
which satisfy the condition (4) in 3.4.2. We define the structure of Y{p, r, S) (resp. 
Y{p,r, R, S)) as an object of i3R(log) just in the same way as in the definition for 
Y^^{p., r, S) (resp. Y^^{p., r, i?, S)) in 3.4.2. Note that we have evident isomorphisms in 
BR(log) 

Y''{p, r, S) ~ Y{p, r,S)xLx 5r,„, Y''{p, r, i?, 5) ~ Yip, r,R,S)xLx sr,,. 

Let yo(p, r, 5") (resp. Yo{p,r, R, S)) be the open set of Y{p,r,S) (resp. Y{p,r, R, S)) 
consisting of all elements (t, /, g, h, k) such that t G R>o- 

For an open neighborhood t/ of in 0R(gr^) x gR(gr^) x 0R(gr^) x 5" (resp. 
0R(gr^) X Rx gR(gr^) x S), we define Y{p, r, S, U) (resp. Y{p, r, R, S, U)) as the open 
set of y(p, r, 5") (resp. Y{p,r, R, S)) consisting of all elements (t, f, g,h,k) such that 
(/, g, K k) G U. Let %{p, r, 5, C/) = %{p, r, 5) n Y{p, r, 5, t/) (resp. %{p, r, i?, -S, C/) = 
Yo{p,v,R,S)r\Y{p,v,R,S,U)). 

Claim 1. For a sufficiently small open neighborhood U of Q in 0R(gr^) x R x 
0R(gr^) X S, there is an open immersion Y(j), r, i?, S, U) -DsL(2)(gr'^)~ in BR(log) 
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whose restriction to Yo{p,r, R, S,U) is given as (t, f, g,h,k) i->- Tp(t) exp(^) exp(A;)r e 
D{gT^) and which sends (0*, 0, 0, 0, 0) e Y{p, r, R, S, U) to p' . 

We give the proof of Claim 1 later. We need one more Claim. 

Claim 2. Let q e -Dsl(2) ^''T'd let {q'.,s) e Z)sL(2)(gr^)'^ x spl(VF) be the image of 
q. Then the fiber on {q',s) in Dsl(2) regarded as a topological subspace of D^^^^) {resp. 
-^SL(2)) homeomorphic to L. 

Claim 2 is shown easily. 

We show that 3.5.14 and 3.5.15 follow from Claim 1 and Claim 2. Let U he a suf- 
ficiently small open neighborhood of in 0R(gr^) x R x 0R(gr^) x S, let U' be the 
image of the open immersion Y^^ (p, r, i?, U) — > -DgL(2) (3-4.4), and let U" be the im- 
age of the open immersion Y{p, r, R, S, U) — )■ -DsL(2)(gi'^)~ (Claim 1). Then U' U" 
is a morphism of ,BR,(log) since Y^\p, v,R,S,U) Y{p, v,R,S,U), which is identified 
with the projection Y{p,r, R, S,U) x L x ^ — > Y{p,r, R, S,U), is a morphism of 
-Br (log). The map U' U" x spl(VF) is a trivial L-bundle since Y^^{p, r, i?, 5", U) 
Y{p, r, R, S, U) X spl(VF) is identified with the projection Y{j), r, R, S,U)xLx spl(VF) — > 
Y[p, r, R, S, U) X spl{W). Hence this morphism is proper. Let V be the inverse image 
of U" X spl(Ty) under the canonical map -Dg^2) ~^ -Dsl(2) (gr^)~ x spl(Vl^). We prove 
V = U'. Indeed, since U' is proper over U" x spl(VF), U' is open and closed in V. Since 
all fibers of F — )■ U" x spl(T'F) is connected by Claim 2, and since U' — >■ U" x spl(VF) 
is surjective, we have V = U' . Hence V is open in -DgL^g); ^ ~^ U" is a morphism of 
SR(log), and V ^U" X spl(W^) is a trivial L-bundle. 

We prove Claim 1. 

For each e Z, let Q{w) e W(grJ^) be the image of For each e Z, by 3.4.4 
for the pure case, there is an open neighborhoods of in 0R(grJJ^) x gR(grJ^) x 
SR(grS^) x Su, such that we have a morphism Y^^p^,, r^^,, 5"^^,, Uyj) i:>sL(2)(grS^) which 
sends {t,f,g,h,k) G Y^^^ {p^,v^, S^,U^) to r^^ (t) exp(5f) exp(/c)r^„, which induces an 
open immersion Y^^ {pyj.Yyj, Ry,, Syj.U'^) i:'sL(2)(grJJ^) {U'^ ■= Uyj H (0R(gr^) x 
Rw X Qii{gT^) X S^)), and which sends (O^(-), 0, 0, 0, 0) e Y^^ [p^^r^, R^, S^.U'J 
to py^. By 3.4.13 for the pure case, for some open neighborhood U!^ C t/^„, of in 
0R(grJ^) X £|R(grS') X 0R(grJJ^) x S'^,, we have a morphism Y^^py^.r^,, Syj.U'^) 

{Pw^T'w, Rwj Sw^Uly) which commutes with the morphisms to Dq^2){s^^)- Let 
Y{p, r, S) ^ Y''{p^, r„, 5^) be the morphism (t, /, g, h, k) ^ (t(grJJ'), /(gr]f ), (/(grj^'), /t(g: 
where t(grj^) denotes the image of t under the homomorphism R>o R^g^'* of multi- 
plicative monoids induced by the map $ — )■ Q{w). Then if t/ is a sufficiently small open 
neighborhood of in 0R(gr^) xRx 0R(gr^) x S, the image of r, S, U) under this 
morphism is contained in Y^^ {pyj,r^, S^,U^) for any w. Hence we have a composite 
morphism 

Let P be the fiber product of 

Y'\p^, C/;) ^ n» Rg^"') ^ R*o x^>o (R^ rJ^"^) 
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in Br (log). Here R|o x^to {U^K'^^^^) is the quotient of R|o x illn,'^>o'^) under 
the action of R>o given by {x,y) i-> {ax,a~^y) (a e R>o)- Then P is identified with 
the fiber product of 

U^Y''{Pw,r^,Rv),S^,U:,) ^ n^i^SL(2)(grS^)(QH) ^ L»sL(2)(gr^)~(*). 

Hence we have an open immersion P DsL(2)(gr'^)'"- 
We have a unique morphism 

C ■.Y{p,r,S,U)^P 

in Br, (log) which is compatible with ^. It is induced from ^ and from the morphism 
Y{p,r,S,U) Rjo x^>° (n«,R-?o"'^) which sends (tj,g,h,k) to tt', where t' e 
n^R?^"^ is the (n„ R?i"^component of ^(1,^,^,^, A;). 

Claim 3. If U is a sufficiently small open neigborhood of inT := gR(gr^) x Rx 
0R(gr^) X S, the morphism Y(p, r, R, S,U) ^ P induced by is an open immersion. 

By Claim 3, the open immersion stated in Claim 1 is obtained as the composite 
Y(p, r, R, S,U) ^ P ^ -DsL(2)(gr^)~- It remains to prove Claim 3. 

For an open neighborhood t/ of in T, let P{U) be the open set of P consist- 
ing of all elements (tj.g.h.k) (t e R|o x^to (n^R^f,"'^), f,h e 0R(gr^), g E 
Ylw^wj k G riii; '5',^) such that t = t'exp(a) for some t' G R>q and for some a E R' 
satisfying (/, a + g, h, k) G U. Then, for a given open neighborhood U of in T, 
there is an open neighborhood U' of in T such that the map induces a mor- 
phism Y{p,r, R, S,U') — > P{U). On the other hand, if U is an open neighborhood 
of in T, then for a sufficiently small open neighborhood U' of in T, we have 
a morphism P{U') — Y{p,r, R, S,U). This morphism is obtained as the compos- 
ite P{U') -)■ Y{p,r, S,U") -)■ Y{p,r, R, S,U). Here U" is a suitable open neigh- 
borhood of in T. The first arrow is (t' exp(a), /, gr, /i, /c) h-)- {t' , f , g' ,h' ,k), where 
/', g' , h' are near to f,g,h, respectively, and defined by exp(5r') = exp(a) exp(^), 
exp(/') = exp(/) exp(a), exp(/i') = cxp(2a) cxp((/) cxp(— a). The second arrow is a 
morphism constructed in the same way as in the proof of 3.4.13. For an open neigh- 
borhood [/ of in T, the composite F (p, r, R, S, U") P{U') Y{p, r, i?, 5, U) and 
the composite P{U") — )■ Y{p, r, i?, S, U') P{U) are inclusion maps. Here U' and 
U" are open neighborhoods of in T, U' is sufficiently small relative to U, and U" is 
sufficiently small relative to U'. This proves Claim 3. □ 

Theorem 3.5.16. The canonical map 

^s[(2)^SpWxi?SL(2)(gr^) 

is proper. 

Proof The map D^l^^^ sp\{W) x £>sL(2)(gr^)" is proper by 3.5.15. The map 
i^SL(2)(gr^)~ ^ i^SL(2)(gr^) is proper (3.5.9-3.5.10). □ 
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Theorem 3.5.17. Let T be a subgroup of Gz- For * = I, II, we have the following. 

(i) The action ofV on Dqi^(^2) '^^ proper, and the quotient space r\il>gj^j^2) Hausdorff. 

(ii) Assume that T is neat. Let 7 G F, p G -Dsl(2); o^nd assume •yp = p. Then 7 = 1. 

(iii) Assume that T is neat. Then the quotient r\Dgj^^2) belongs to i3R(log), and the 
projection Dq,i^(^2) -'^\-^sl(2) '^^ ^ local isomorphism of objects o/i3R(log). 

Here in (iii), we define the sheaf of real analytic functions on r\-DgL(2) ^og 
structure with sign on r\Dg^^2) ^he natural way. That is, for an open set U of 
r\L>gj^^2)5 ^ ^6al valued function / on t/ is said to be real analytic if the pull-back of / 
on the inverse image of U in -DgL(2) ^^^^ analytic. The log structure M of r\Dg^^2) is 
defined to be the sheaf of real analytic functions whose pull-backs on -DgL(^2) belong to 
the log structure of -DgL(2)- The subgroup sheaf M^q of M^p is defined to be the part 
of M^P consisting of the local sections whose pull-backs to -DgL(2) belong to the M^q 

0f^SL(2)- 

Recall that a subgroup F of Gz is said to be neat if for any 7 G F, the subgroup of 
generated by all eigenvalues of the action of 7 on -ffo.c is torsion free. If F is neat, 
then F is torsion free. There exists a neat subgroup of Gz of finite index (cf. [Bo]). 

Proof of 3.5.17. The proof is similar to [KNU2], §9, where we considered -Dbs- 

(i) -DgL(^2) is Hausdorff because -DsL(2)(gr^) is Hausdorff ([KU2]) and the map 
-DgL(2) ~^ spl(VF) X -DsL(2)(gi'^) is proper (3.5.16). It follows that -DgL(2) is also Haus- 
dorff. 

Let r„ be the kernel of F — > Aut(gr^). The properness of the action of F on -DgL(2) 
is reduced to the properness of the action of F/F^ on -DsL(2)(gr^) which is proved in 
[KU2], and to the properness of the action of F^^ on spl(Vr). The properness of that on 
-^SL(2) follows from this because Dg^f^^) is Hausdorff. 

Since the action of F on -DgL(-2) for * — I, II is proper, the quotient space F\-DgL(-2) 
is Hausdorff. 

(ii) The pure case is proved in [KU2]. The general case is reduced to the pure case 
since the action of F^ on spl(VF) is fixed point free. 

(iii) By (i) and (ii), the map -DgL(2) ~^ -'^\-^sl(2) i^ ^ local homeomorphism. (iii) 
follows from this. □ 



§3.6. Examples 

We consider -DgL(2) -^sl(2) fo^ examples I-V in 1.1.1. 
3.6.1. We consider -Dg^g)- 

We use the notation in 1.1.1. As in 1.2.9, we denote by L the graded vector space 
C{F) = L^'~^{F) C C with F G D{gT^), which is independent of the choice of F for 
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Examples I-V. Recall that D^^^^^ is an L-bundle over spl(VF) x -DsL(2)(gr^)'^ (Theorem 
3.5.15), and that for Examples I-IV, £>sL(2)(gr^)~ = ^SL(2)(gr^) (3.5.12). We will 
describe the structure of the open set -Dg£^2) (^) -^sl(2) some $ e W. 

Let [} = {x + iy \ x^y E H^O < y < 00} D f). We regard ^ as an object of BR(log) 
via ~ R>o X R, x + iy (1/v^) ^) (cf- 3.2.13). 

Example I. We have a commutative diagram in Br, (log) 

D ~ spl(W^) X L 

n n 

^s[(2) ^ SpWxL, 

where the upper isomorphism is that of 1.2.9. Here spl(VF) ^ R, -DsL(2)(gi"^) = 
D(gr^) which is just a one point set, L ~ R with weight —2, and L is isomorphic to 
the interval [—00, 00] endowed with the real analytic structure as in [KNU2], 7.5, with 
w = —2 which contains R = L in the natural way (1.2.9). 

Example II. Let Q = {W} G W{gv^i) = Uw ^is^w), where 

W'_3 = C W'_2 = W'_i = Re'i C Wo = grlfi . 

The isomorphism Z)(gr^) = Z)(gr^j) ~ f) extends to DsL(2)(gr^)(<5) — ^• 

Let $ be the unique non-empty element of W{Q). We have a commutative diagram 
in SR(log) 

D ~ spl(W) X f) 

n n 

^s[(2)(*) ^ Spl(W)x^. 

Recall that spl(VF) ~ R^ (1.2.9). In this diagram, the upper isomorphism is that of 
1.2.9. The lower isomorphism is induced by the canonical morphisms -Dg^g) ~^ spl(W) 

and D^[(2)($) ^ L»sL(2)(gr^)(Q) ^ i)- 

The specific examples of SL(2)-orbits of rank 1 in 2.3.9 Example II have classes in 
-^SL(2)(^) whose images in i) are zoo. 



Example III. Let Q = {W} e ^(gr^fg) = n„ >V(grJ;f ), where 
W'_5 = C W'_4 = W'_s = Re'i C W'_2 = grlfg . 

The isomorphism i:>(gr^) = D{gT%) ~ f) extends to £'sL(2)(gr^)(<3) - 
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Let ^» be the unique non-empty element of W(Q). We have a commutative diagram 
in Br (log) 



D ~ spl(VF) X f) X L {s, x + iy, {di, d2)) 

^SL(2)(*) - spl(W) X fi X L {s,x + iy, {y-^di, ^-^2)). 

Here spl(W) ~ R^, L ~ with weight -3, and {di,d2) G R^ = L (1.2.9). In this 
diagram, the upper isomorphism is that of 1.2.9. The lower isomorphism is induced by 
the canonical morphisms -DgL(2) spl(VF) and -DgL(2)(^) ~^ -DsL(2)(gi'^)(<3) — t), and 
the following morphism D|l(2)(^) ~^ ^- induced by i'a,/3, where as : Gm,,R — >■ 
Aut(gr!f3) is defined by as{t)e[ = t'^e'^, a-3(t)e^ = ^-^e^, and ^ : ^(gr^g) = ^ 
R>o is the distance to ^-boundary defined by a; + i-> l/y^ (3.2.13). Note that the 
right vertical arrow is not the evident map, as indicated. 

The SL(2)-orbits in 2.3.9 Example III, Case 1 (resp. Case 2, resp. Case 3) have 
classes in Dq[^^^^{<^) whose images in ^ x L belong to {ioo} x L (resp. {i} x (L \ L), 
resp. {ioo} x {L \ L)). 

Example IV. Let Q = {W} e W{gv^^) = Uw ^is^w), where 

WL3 = 0C WL2 = W'_^ = Re'2 C = gr^i . 

The isomorphism D(gr^''') = D(gr^fi) ~ f) extends to -DsL(2)(gi"^)(<5) — ^• 

Let ^» be the unique non-empty element of W{Q). We have a commutative diagram 
in Br (log) 

D ~ spl(VF) X X L {s, X + iy, d) 

n 4 i 

^s[(2)(^) - spl(W^)x^xL {s,x + iy,y-^d). 

Here spl(VF) ~ R^, L ~ R with weight -2, and cieR=L (1.2.9). In this diagram, 
the upper isomorphism is that of 1.2.9. The lower isomorphism is induced from the 
canonical morphisms D^q{^^2) ~^ spl(VF) and iI>g£(-2)(*^') ~^ -DsL(2)(gr^)(<5) — ^, and 
the following morphism -DgL(2)(^) ~^ ^- is induced by i'a,i3 (3.2.6-3.2.10), where 
q;_i : G^^R — )■ Aut{gr^i) is defined by 

a-i{t)e2 = t~^e2, Q!_i(t)e3 = 63 

and P : D{gr^i) = f) ^ R>o is the distance to ^-boundary defined hy x + iy 
(3.2.13). Note that the right vertical arrow is not the inclusion map, as indicated. 

The SL(2)-orbits in 2.3.9 Example IV, Case 1 (resp. Case 2, resp. Case 3) have 
classes in Dl^[^^^{^) whose images in ^ x L belong to {ioo} x L (resp. {i} x (L \ L), 

resp. {ioo} x (L \ L)). 
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Example V. Let Q e W(gr^) and the log modification B of R>q be as 
in 3.5.13. The isomorphism D{gT^) ~ x f) (1.2.9) extends to an isomorphism 
-DsL(2)(gi'^)(<5) ~ f)"^ X ^ is the disjoint union of ^+ = t) and t)~ = {x + | x G 
R, > 1/ > — oo} (f)"*" — f)~, a; + t-> — x — zy)), and this composite isomorphism is 
extended to an isomorphism i:>sL(2)(gr^)~((5) ~ S x x {±1} (3.5.13). 

Let $ be the maximal element of yV{Q). We have a commutative diagram in Br (log) 

D ~ spl(M^) X [)^ X [) {s, X + iy, x' + iy') 

n I i 

Dii^2p) - spW X S X R2 X {±1} (s, 1/^, l/Vy', sign(y)). 

Here spl(VF) ~ R^ (1.2.9). In this diagram, the upper isomorphism is that of 1.2.9. 
The lower isomorphism is induced from the canonical morphisms -Dg^g) ~^ spl(VF) and 

i^S^[(2)(^) ^ ^SL(2)(gr^)~(Q) ^ S X R2 X {±1}. 

The SL(2)-orbits in 2.3.9 Example V have classes in -DgL(2)(^) whose images in B 
are described in 3.5.13. 

3.6.2. We consider D^^^^y For Examples I-IV, D^^^^) = -^sl(2) Proposition 
3.4.29. 

Example V. Let \E' = {1^'} G W, where 

W'_^ = C W'_2 = W-i = Rei cWq = W'_i + Re2 

C W[ = W^ + Re4 + Res (lW!, = Ho,n. 

(This W is in 2.3.9 V, Case 1.) Let * = {W^'(gr^)} e W. Then i:'sL(2)(*) is 
the open set of -Dg^2)(^) 3.6.1 V corresponding to the subcone R>o x {0} of R>o- 
We compare -Dsl(2)(*) -^sl(2)(*)- j = 1>2,3, let 

Aj = HomR(gr|^, Rej). 

We have an isomorphism of real analytic manifolds 

spl(W^) ^ n|=i s ^ (%)i<j<3, 

where s{v) = Yl^=i %('^) mod Re4 + Res for v G gr]^ . 

Let _ 

(A3 X i)^y := {{v, X + iy) e A3 X l)^ \v ^Oiiy ^ ±00} C A3 x 

Then we have a commutative diagram in i3R(log) 

D (n?=i^.)xD±x^ 

n n 



^s[(2)(*) ^ (n?=i^.)x^±x{). 
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In this diagram, the upper isomorphism is induced by the isomorphism in 1.2.9 and the 
above isomorphism spl(VF) ~ 11^=1 ^j- ^^e other hand, we have a commutative 
diagram in Br, (log) 

D ^ (11^=1 Aj)x[)^ xi:) (ai, a2, as, x + iy, r) 

n i i 

^SL(2)(*) - Ai X A2 X {As X i)^y X i) (ai, aa, lyl^/^ag, x + iy, r). 

In this diagram, the upper isomorphism is the same as in the first diagram. The lower 
isomorphism is induced from the canonical morphisms -DgL(2) ~^ spl{W) A1XA2 and 

^SL(2)(*) ^ ^SL(2)(gr^)~(*) ^ X f), and the following morphism i^^L(2)(*) ^ ^3- 
It is the composite 

^L(2)(*) D ^ spi{w) c nU ^ ^3, 

where v^^^p is the morphism described in 3.2.6-3.2.10. Here a : G^^r, AutR,(i7o,R: W) 
is the splitting of ^ defined by a{t)ei = t~'^ei, a{t)e2 = 62, a{t)e3 = t^e^, a{t)e4 = te^, 
ct(^)e5 = tes, and (3 : D ^ R>o is the distance to ^^-boundary defined as the composite 
D — )■ D[grQ) ^ ^ R'>Oi where the last arrow is x + 1— )> 1/ 

Note that the right vertical arrow of the above commutative diagram is not the 
inclusion map, as indicated. 

The lower isomorphisms in the above two commutative diagrams form a commutative 
diagram in Br, (log) 

-^SL(2)(*) - A1XA2X (A3 X l)±)' X f) 3 (ai, a2, as, x + iy, r) 

J' J' \- 

^SL(2)(*) - {Y{]=iAj)x\)^ x^ 3 {ai,a2,\y\-^/^a3,x + iy,T). 

Here the left vertical arrow is the inclusion map. The right vertical arrow is not the 
evident map, as indicated. 

The SL(2)-orbits in 2.3.9 Example V, Case 1 have classes in -DgL(2)(*) whose images 
in X f) are (zoo, i). 

§3.7. -DsS.val AND -DsL(2),val 

We outline the definitions of -DsL(2),vai DBS,vai in the fundamental diagram in 
0.2, which connect -Dsl(2) and -Dbs- The detailed studies of these spaces will be given 
later in this series of papers. 
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3.7.1. Let S be an object of Br, (log) (3.1). Then we have a local ringed space S'vai 
over S with a log structure with sign. This is the real analytic analogue of the complex 
analytic theory considered in [KU3], §3.6. In the case when we have a chart S Ms,>o 
with S an fs monoid, 

S'val = ^m ^(E), 
E 

where S ranges over all finite rational subdivisions of the cone Hom(<S, R>*o^) (3.1.12). 
The general case is reduced to this case by gluing (cf. [KU3], §3.6). 

3.7.2. For * = /, //, define Dgj^^^-^ = (-DgL(^2))vai- In the pure case, as topological 
spaces, they coincide with the topological space -DsL(2),vai in [KU2]. 

3.7.3. Z^BS.vai is defined similarly, that is, -DBS.vai = (-DBs)vai- Here we use the log 
structure with sign of Dbs induced by ~ R>q and Bp ~ R^q"*^ in the notation in 
[KNU2], 5.1. 

3.7.4. A canonical injection -Dsl(2) vai ~^ -DRS.vai is defined but not necessarily 
continuous (both for * = / and //). This is a difference from the pure case, and we try 
to explain it a little more in the next subsection. 

§3.8. Dbs and i:»sL(2) 

Here in the end of this section, we review some points of our constructions and 
compare it with the construction of Dbs in [KNU2] . 

3.8.1. First, see 1.2.5, which shows that there are three kinds of coordinate functions 
on D, that is, s, F, and S. Among these, what are new in the mixed case are s and 
d. Thus, when we want to endow a partial compactification like -Dsl(2) and Dbs with 
a real analytic structure by extending coordinate functions, we have to treat s and 
6. Among these, s is more important in applications, and the methods to treat s are 
common to the cases of -Dsl(2) and -Dbs- 

3.8.2. On the other hand, the treatment of the 6 coordinate for -Dsl(2) and that 
for Dbs are considerably different. See 3.6.1 HI and IV, which illustrate the situation 
of -DsL(2)- In there, the third components (5 coordinates) of the vertical arrows in the 
diagrams are not the inclusion maps but the twisted ones. In general, the L-component 
of the function which gives the real analytic structures on -DsL(2) is not the evident one 
but the one twisted back by torus actions (cf. 3.2.6). This twisting is natural in view 
of the relationship with nilpotent orbits and crucial in the applications (cf. 2.5.7). 

3.8.3. In the case of -DbS: the 6 coordinate was also naturally twisted, but there is a 
difference between these two twistings, which explains the discontinuity of -DsL(2),vai ~^ 
-DBS,vai in 3.7.4. 

More precisely, for example, consider Example III in 3.6.1. Let p be a point of 
DsL(2),vai- Then, the L-component of the image of p in -Dsl(2) boundary (i.e., 
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belongs to L \ L) if and only if 1^ e yV{p), but the L-component of its image in D^s is 
in the boundary if and only if p is not split. Hence some arc joining a split point and a 
non-split point in -DsL(2),vai can have a disconnected image on -Dbs- These equivalences 
hold for any Hodge types, and we can even prove that for some Hodge types, there are 
no choices of topologies of -Dsl(2) satisfying both the crucial property 2.5.7 (ii) and the 
continuities of the maps -DsL(2),vai ~^ -DBS,vai etc. in the fundamental diagram in 0.2. 
These topics will be treated later in this series. 

§4. Applications 

§4.1. nilpotent orbits, sl(2)-orbits, and period maps 

In [KNUl], we generalized the SL(2)-orbit theorem in several variables of Cattani- 
Kaplan-Schmid for degenerations of polarized Hodge structures, to an SL(2)-orbit the- 
orem in several variables for degenerations of mixed Hodge structures with polarized 
graded quotients. Here we interpret it in the style of a result on the extension of a 
period map into Z)sl(2) defined by a nilpotent orbit. 

Theorem 4.1.1. Assume (Ni, . . . , Nn, F) generates a nilpotent orbit (2.4.1) and the 

associated W^^\gT^) is rational (2.2.2) for any j = l,...,n. Then, there is a suffi- 
ciently small open neighborhood U o/ := (0, . . . , 0) in R>o satisfying the following (i) 
and (ii). 

(i) The real analytic map 

p-.unnio^D, t = (ti, . . . , tn) ^ exp(^;^i ^yJNj)F, 
where yj = Y[k=j ^fc defined and extends to a real analytic map 

p:U^ D|l(2)- 

(ii) For c & U, p{c) e Dsl(2) is described as follows. Let K = {j\l<j< 
n, Cj = 0}, and write K = (6(1), . . . , 6(m)} with h{l) < ■ ■ ■ < b{m). Let 6(0) = 0. 

For I <j <m, let N'- - T.h{j-i)<k<h{j)iI\.k<t<h{j)(^J^)Nk, where nbO)<£<6(i) is 
considered as 1. Let F' = exp(i T.b{m)<k<n{Uk<£<n ci^)Nk)F. Then [Ni, . . . , N^, F') 
generates a nilpotent orbit (2.4.1), and p{c) is the class of the SL{2)-orbit associated to 
{N[, . . . , A^^, F') (2.4.2). Hence, when t E U and t ^ c, we have the convergence 

exp(E"=i Wj^j)F (class of the SL{2)-orbit associated to {N[, . . . , N^, F')) 

in -D|l(2) ^'^^ hence in -Dg^g)- -^'^ particular, p{0) is the class of the SL{2)-orbit asso- 
ciated to {Ni,...,Nn,F). 
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Proof. For {Ni, . . . , N^, F) e V^np^n, let r and ((p„, ri, J) e X>sL(2),n be as 
in 2.4.2. Write J = {a(l), . . . , a(r)} with a(l) < ■■■ < a(r). Let VT^^) = M{Ni + 
■■■ + Nj,W) (0 < j < n), where W^") := W. Let ^' = {W^("(^))}i<j<r. Let tj be 
the J-component of r. Take o: = tj as a sphtting of \E' (3.2.3) and take a distance to 
^-boundary ^ (3.2.4). 

For t = {tj)i<j<n e R^o' let t'j = {Ua{j)<e<a{j+i) te)j€J, where a(r + 1) means 
n+1. Let 9(t) = Ua{i)<eMte)-Mt)- Then ?(t) = Tj{t'j)-^p{t). 

First, we show that q{t) extends to a real analytic map on some open neighborhood 
?7 of in R>o- To see this, we may assume that a(l) = 1. Since T{t) here coincides 
with t{y) in [KNUl] 0.5, in the notation there, we have 

qit) = T{t)-^p{t) = ''giy)eMe{y))r. 

Hence, by loc. cit. 0.5, the assertion follows. The extended map, also denoted by q, 
sends to ri e D in 2.4.2 (ii), that is, q{0) = ri. 

In case where W E since ri e -Dnsph shrinking U if necessary, we may assume 
that p{t) e Dnspi for any t e U d R^g. 

Claim 1. After further replacing U, the map 

C/nR% ^ S := R|o X L> X spl(W^) x Rwe* spl(M^'(gr^)), 

t^{(3{p{t)), Tj(3{p{t))-^p{t), spW(p(t)), (sp4S,(g,w)(p(t)(gr^)))H.'), 

extends to a real analytic map p' : U — )■ 5 sending to (0, rj/3(ri)~-'^ri, s, {s^^ ■*)vK')- 
Here s is the limiting splitting of W in [KNUl] 0.5 (1), which coincides with spl^y(ri) 
(2.4.2), and ^ is the splitting of W'{gr^) given by {pw7^w)w {cf- 3.2.6 (i)). 

Since l3{p{t)) = l3{Tj{tj)q{t)) = t'jj3{q{t)) (3.2.4), this extends to a real analytic map 
on some open neighborhood of in R>o which sends to 0. 

Since Tj(3{p{t))~^p{t) — Tj(3{q{t))~^q{t), this extends to a real analytic map on some 
open neighborhood of in R>q which sends to Tj/3{ri)~^ri. 

By [KNUl] 0.5 (2), spl^(p(t)) extends to a real analytic map on some open neigh- 
borhood of in R>o which sends to s. 

Finally, by [KNUl] 8.5, spl^,(^^^W) {p{t) (gr^)) extends to a real analytic map on some 
open neighborhood of in R>o which sends to {s^^'^)w'- 

Next, it is easy to see that (A'"{, . . . , N:^,F') generates a nilpotent orbit (2.4.1) for 
any c in a sufficiently small U. Since its associated SL(2)-orbits belong to Dq^^2){'^)^ 
once we prove the following claim, the real analytic map p' : U B in Claim 1 factors 
through the image in B of the map Uctjj in 3.2.7 (i). 

Claim 2. exp(^^^j^ iyjA''j)F converges to the class of the SL(2)-orbit associated to 
{N[, . . . , iV^, F') in -DsL(2) ^^^'^ t eU and t ^ c. 

Thus we reduce both (i) and (ii) to this claim. 
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To prove Claim 2, we first consider the case c = 0: In this case, the image by v^i^p of 
the class of the SL(2)-orbit ((p^;, 'fiw)w, ^i, J) ^ ^SL(2),n associated to {Ni, . . . , N^, F) is 
li'nitj^0j{tj(3{ri), rj /3(ri)~^ri, s, (s*^^ '')vF') by definition of u^is- On the other hand, 
p'{0) is (0, rj/5(ri)~-^ri, s, (s*^^ by Claim 1. Since z^^^yj is injective (3.2.7 (i)), 

the case where c = of Claim 2 follows. 

Now we are in the general case. Let c e U, K he as in (ii). Let t' E U he the element 
defined by = tj if j e K, and tj = cj if j ^ K. Then, by the case where c = 0, we 
have the convergence 

exp(Eiej WjNj)F' (class of the SL(2)-orbit associated to (iV{, . . . , N^, F')). 

Together with 

z^Q, ^(liiiip(t)) =p'{c) = lim p'(t') 
= u^Munexp{Y.jeJ^y'j^'j)F')^ 

t'—^c ■' J J 

we have the general case of Claim 2. □ 



§4.2. Hodge metrics at the boundary of Dg^^^^ 

We expect that -Dsl(2) plays a role as a natural space in which real analytic as- 
ymptotic behaviors of degenerating objects are well described. In this subsection we 
illustrate this by taking the degeneration of the Hodge metric as an example, and explain 
our previous result on the norm estimate in [KNUl] via -DgL(2)- 

4.2.1. Let F e D. For c > 0, we define a Hermitian form 

( 5 )f,c '■ Ho c X -f^o.c C 

as follows. 

For each w e Z, let 

( , )F(grS') : gr^,c X gr^.,c ^ C 

be the Hodge metric (C^(gi.w) (•), •)w^ where C'F(grjj') is the Weil operator. For v G -ffo,c 
and for w G Z, let f be the image in gr|^Q of the w-component of v with respect to 
the canonical splitting of W associated to F. Define 

{V, v')f,c = Eo^ez C^{Vw,F, v'^^F)F{grW) {v, v' G Hq^c)- 

Proposition 4.2.2. Let \1/ be an admissible set of weight filtrations on Hq ji (3.2.2). 
Let P be a distance to "if -boundary (3.2.4-3.2.5). Assume 11^ ^ \E' {resp. W E "i^). For 
each W G ^, let j3w' '• D — > R>o {resp. Dnspi ~^ R'>o) be the W -component of p. For 
p e D, let 

( , )p,/3 := ( , )p,c with c= ^lv'e*/5w(p)"^• 
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Let m : ^ ^ Z be a map, let V = Vm = Hive* ^L{W') c ^"^^ Her(F) he the 

space of all Hermitian forms on V . 

Let ( , )p^p^rn e Her(V") be the restriction o/nwe*/^w(p)^™^^'H > )p,P to V. 

(i) The real analytic map f : D {resp. -Dnspi) — ^ Her(V), p ^ { , )p,p,m, extends to a 
real analytic map f : -DgL(2)(^) {i^esp. DgL(^2)(^)nspi) ~^ Her(V). 

(ii) For a point p e -^sl(2)(^) ("i^^^P- P ^ -DgL(2)(^)nspi) such that ^ is the set of 
weight filtrations associated to p, the limit of ( , )p,p,m o-t P induces a positive definite 
Hermitian form on the quotient space 

where m' < m means m'(W') < m{W') for all W G \E' and m' 7^ m. 

Proof. We prove (i). Assume W ^ . Fix a splitting a : (R^)* -> AutR(ifo,R, W) of 
\E'. Let p E D. Let v, v' G V . Then, we have the weight decompositions v — Ylim'<m '^'m'l 
= Z]m'<m ^m' with respect to a. Since 

{v,v')p,p = {aP{p){aP{p))~'^v,a^{p){aP{p))~'^v')ap{p){^ccp{p))-^p,p 

we have 

{v,v')p^p,^ 

(1) = Y{w'^^^W'{pf'^^'^'\aP{p)-^v, a^(p)-^^')a/3b)-V,i 

= Hm',m"<m\\.W'e^^W'{p)^'^'^~'^ H^m' , )a/3(p)-ip,l- 

This extends to a real analytic function on Dqi^(^2) (^) ' because (2m — m' — m") ( VF') > 
for all W G and D ^ D, p ^ aP{p)~^p, extends to a real analytic map -DgL(2)(^) ~^ 
D (3.2.10 (i)). 

In the case W E'^, the argument is analogous. 

We prove (ii). Let v^v' G V be as above. Let {p\\\ be a sequence in D which 
converges to p, and let q = lim^ a(3{px)~^{px) G D. Then, by the result of (i), we have 
from (1) 

(2) lim(v, 'f;')pA,/3,m = {Vm, V'm)q,l- 

The right-hand side of (2) is nothing but the restriction of the Hermitian metric at 
g G -D to the m-component with respect to a, which is therefore positive definite. □ 

4.2.3. As will be shown in a later part of our series, the norm estimate in [KNUl] 
for a given variation of mixed Hodge structure S ^ D (cf. loc. cit. §12) is incorporated 
in the diagram 

U ^ i^sL(2)(*) (resp. i^k(2)(*)nspi) ^ Her(y). 
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Here U is an open neighborhood of a point of S^°^, the first arrow is induced by an 
extension of the period map S^°^ — > r\Z)gL(2)) where F is an appropriate group (cf. 
4.4.9 below) and / is as in 4.2.2. 

4.2.4. Example V. We consider Example V. Here the norm estimate is not con- 
tinuous on -D|^2)- 

Let \& and ^ be as in 3.6.2. Fix u,v & Ce^ + Cer, c W[, and let u' , v' be their 
images in gr]^, respectively. Let (5 : D ^ R>o be the distance to ^'-boundary which 
appears in 3.6.2. 

As in Proposition 4.2.2, the map 

extends to a real analytic function / : Dg-^^^^{^) — > C. We show that however, for some 
choices of u and v, this map / : -D|l(^2)(*) — >^ C is not continuous with respect to the 
topology of -DgL(2)- These can be explained by the following commutative diagram at 
the end of 3.6.2. 

(ai,a2, (as, x + iy), r) e Ai x A2 x {As x i)^)' x i) ~ ^sl(2)(*) ^ ^ 

J, 4' 4- 

{aua2,\y\-^/^a3,x + iy,T) e (Jl^Li ^j) x 1)± x {) ~ ^s[(2)(*)- 
Recall that Aj = HomR,(gr]^, Rcj) {j = 1,2,3). The composite 

A^xA2X {As X f)±)' X ^ ~ i^L(2)(*) ^ C 
sends (ai, 02, (03, x + iy), r) to 

{\y\-^/'ai{u') + \y\-'/'a2{u') + as{u'), 

\y\~^/^ai{v') + \y\~'^/^a2{v') + a3{v'))o,{x+iy)/\y\ + {u',v')i,r- 

Here ( , )o,(x+iy)/\y\ is the Hodge metric on gr^j^^ associated to {x + iy)/\y\ G ()^ = 
D(gro^), and ( , )i,t is the Hodge metric on gr^^Q; associated to r e {) = D(gr]^). On 
the other hand, the composition 

n,Li^.x[)±x()~L>4c, 

where the first arrow is induced by the lower (not upper) horizontal isomorphism of the 
above diagram, sends (ai, a2, as, x + iy, r) to 

{\y\-'/'ai{u') + \y\-'/'a2{u') + \y\'/'as{u'), 

\y\-^/^ai{v') + \y\-^/^a2{v') + \y\^/^as{v'))o,ix+iy)/\y\ + {u',v')i,r. 
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For some choices of u and v, as is explained below precisely, the last map is not extended 
continuously to the point (0, 0, 0, zoo, i) of 11^=1 ^ ^ f); foi' this map has the term 
which diverges at ioo. Since (0, 0, 0, zoo, i) is the image of (0, 0, (0, ioo), z) G 
Ai X A2 X (As X i)^)' X [) under the left vertical arrow, this shows that for some choices 
of u and v, f : -DgL(2)(^) ~^ C is not continuous for the topology of D^^^^)- 

More precisely, take u and v such that there exists b E A^ for which {b{u'), 6(i''))o,i 7^ 
0. Let c be a real number such that < c < 1/2. Then, as j/ — > 00, (0, 0, y^~^/%, iy, i) G 
11^=1 X 'i) X ^ converges to (0, 0, 0, zoo, z) G 11^=1 x x f). However, / sends 
the image of (0, 0, zy, z) in D under the lower isomorphism of the diagram to 

{y''b{u'), y''b{v'))o^i + {u',v')i^i, which diverges. 



§4.3. Hodge filtrations at the boundary 
4.3.1. In this §4.3, let X = -D|l(2) D^i^^y 

Let Ox be the sheaf of real analytic functions on X, and let a : Mx — )■ Ox be the log 
structure with sign on X. We define a sheaf of rings O'x on X by O'x '■— Ox[q^^ \ q G 
a{Mx)] D Ox- Let 0^,0 = ^ ®R ^x- The following theorem shows that the Hodge 
filtration over O'^ q> extends to the boundary of X. 

Theorem 4.3.2. Let X be one of D^-^^^y ^sL{2)' ^'^^ ^'x ^'^ 4.3.1. 

Then, for each p & 7j, there is a unique 0'x^Q,-submodule of O'x ^c, ®z -f^o which 
is locally a direct summand and whose restriction to D coincides with the filter of 
Ox,c ®zHq. 

Proof. It is suflBcient to prove the case X = D^^^^y because the assertion for X = 
-^SL(2) follows from that for X = -Dsl(2) Polling back. 

Assume X = -D|l(2)- ^ universal Hodge filtration on D, and write 

F = s(e(F',5)) (s G spl(W^), F' G £>(gr^), 5 G as in 1.2.5. Let $ be an 

admissible set of weight filtrations on gr^ (3.2.2), and let a be a splitting of $ and /3 
a distance to ^-boundary as in 3.2.5 (ii). We observe 

(1) s{e{F', 5)) = s{e{a/3{F'){af3{F'))~^F', Ad(a/5(F')) Ad(a/5(F'))"^5)). 

By 3.2.6 (u), {al3{F')-'^F' , Ad{a/3{F'))-'^5) and s extend real analytically over the 
boundary. Let G' = Yl^ Aut(gr|^), and we consider the splitting a : — )> G'. Then, 
the section /3(F') of G^(O^) on i^sL(2)(^) is sent to a section a/3(F') of G'{0'x) 
over i;)gL(-2)(^)- Thus, F = s{6{F',5)) extends uniquely to a filtration of O'x c <8) Hq 
consisting of O'x c-submodules which are locally direct summands. □ 

4.3.3. Remarks, (i) For DsL(2),vai) Dbs, -Dss.vai) theorems similar to 4.3.2 are 
analogously proved. 
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(ii) The Hodge decomposition and the Hodge metric also extend over the boundary- 
after tensoring with (9^ q. In the pure case, this together with the period map S]^^ — )■ 
r\DsL(2) (4.2.3) explains the existence of the log C°° Hodge decomposition in [KMN]. 

§4.4. Example IV and height pairing 

We consider Example IV. The space -Dsl(2) = -^sl(2) ^ -^sl(2) ^^^^ example is 
related to the asymptotic behavior of the Archimedean height pairing for elliptic curves 
in degeneration (cf. [P2], [C], [Si]). We describe which kind of SL(2)-orbits appear in 
such geometric situation of degeneration. 

The following observations were obtained in the discussions with Spencer Bloch. 

4.4.1. Recall ([A]) that the Archimedean height pairing for an elliptic curve E over 
C is {Z, W) e R defined for divisors Z, W on E of degree such that \Z\ fl \ W\ = 
{\Z\ here denotes the support of Z), characterized by the following properties (l)-(4): 

(1) If \Z\ n \W\ = \Z'\ n \W\ = 0, then (Z + Z', W) = (Z, W) + (Z', W). 

(2) {Z,W) = {W,Z). 

(3) If / is a meromorphic function on E such that |(/)| fl = and \i W = 
E«,G|w|^wH, then {{f),W) = -(27r)-iE,„g|^|n„log(|/HI)- 

(4) The map {E(C)\,\W\)x{E{C)^\W\) R, {a,b) ^ ( (a)- (6), I^), is continuous. 

4.4.2. Consider Example IV. 

Let T e I) and let Ej- be the elliptic curve C/(Zr + Z). 

For divisors Z, W on E^- oi degree such that |Z| fl = 0, we define an element 

p(r, Z, W)eGz,u\D 

as follows. 

For T e f) and z e C, let 

= nr=o(l - 5"^) ■ nr=i(l - 5"^"')' where q = e^^'\t = e^^'\ 

We have 

(1) d{T,Z^\)^e{T,z), e{T,Z + T)^-e-^''''0{T,z). 

Write 

Z = E5=i rrij {pj ) , W = rij {qj ) 

{pj, qj e Er, mj,nj e Z, Ei=i "^j = 0) E*=i = 0)> ^^d write 

Pj = {zj mod (Zr + Z)), qj = {wj mod (Zr + Z)), 
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with Zj,Wj e C. Define 



(2) p{t, Z, W) = class of F(t, w, A, z) e Gz,u\D, 

with z = rrijZj, w = ^j^^ rijWj, A = (27rz)-i logd^j /c ^(^' - 

and with F(t, w, A, 2) G -D as in 1.1.1, Example IV. This element p(r, Z, W) of Gz,u\D 
is well-defined: As is easily seen using (1), the right hand side of (2) does not change 
when we replace iizj)j,{wj)j) by {{Zj)j,{wj)j) such that Zj = mod Zr + Z and 
Wj = Wj mod Zr + Z for any j. For example, in the case where z'^ = zi + t for some £, 
Zj = Zj for the other j 7^ £, and ty^- = lOj for any j, by (1), the right hand side of (2) 
given by {Zj)j, {Wj)j is the class of F(r, X + m^w, z + m^r) = 7-F(r, w. A, 2), where 7 
is the element of Gz,u which sends ej {j = 1, 2, 3) to ej and 64 to 64 — mges. 

4.4.3. Let L = with F e L'(gr^), which is independent of F, and let 5 : D ^■ 

L = R be the 5-component (1.2.5). Note that 

S{F{t, w, X,z)) = Im(A) — lin{z) lin{w) / Im(T) 

(1.2.9, IV). 

Lemma 4.4.4. T/ie map d : D ^ Ti factors through the projection D Gz,u\D, and 
we have 

6{p{T,Z,W)) = {Z,W), 
where {Z, W) EH is the Archimedean height pairing (4.4.1). 

4.4.5. The equality in Lemma 4.4.4 is well known. It has also the following geometric 
(cohomological) interpretation. 

Let E be an elliptic curve over C, and let Z and W be divisors of degree on £^ 
such that \Z\ n \W\ = 0. We assume Z ^ 0, W ^ 0. 

Let U = E \ \Z\, V ^ E ^ {\Z\ U \W\), and let j : V ^ U be the inclusion map. 
Write Z = Ylize\z\''^zi'^)^ ^ ~ Yliwe\w\''^w{w). We have exact sequences of mixed 
Hodge structures 

^ H^{E, Z)(l) ^ H^(U, Z)(l) ^ Zl^l ^ H^{E, Z)(l) ^ 0, 

^ H^{U, Z)(l) ^ Z(l)l^l ^ H\U,jiZ){l) ^ H\U, Z)(l) ^ 0. 

Note that the map Zl^l H'^{E, Z){1) = Z is identified with the degree map. Let 
A C B C H^{U,j\Z){l) he sub mixed Hodge structures defined as follows. A is the 
image of {x = (x^)^ e Z(l)l^l | Zn^n^x^ = 0} under Z(l)l^l ^ H^UJiZ){l). 
B is the inverse image of {{mzx)z \ x E Z} under the composition H^{U, j\Z){l) — )■ 
H^{U, Z)(l) — )■ Z'^l. Let H = B/A. Then we have the induced injective homomorphism 
a : Z(l) — )■ H, the induced surjective homomorphism b : H ^ Z, and Ker(6)/Im(a) = 
H^{E, Z)(l). A well-known cohomological interpretation of the height pairing {Z,W) 
is 

{Z, W) = S{H). 
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On the other hand, in the case £^ = as is well known, 



p{t, Z, W) = class(if). 

This explains Lemma 4.4.4. 

4.4.6. We consider degeneration. 

Let A = {q e C \ \q\ < 1}, and let A* = A \ {0}. Fix an integer c > 1, and 
consider the family of elliptic curves over A* whose fiber over e^'^*'^/'^ > 0) is 

C/(Zr + Z). This family has a Neron model Ec over A whose fiber over G A is 
canonically isomorphic to x Z/cZ as a Lie group. If a G Q and ca G Z, and if u 
is a holomorphic function A ^ C^, there is a section of over A whose restriction 
to A* is given by e^'^*^/'^ ^ (ar + /(e^'^*^/'^) modZT + Z) with / = {2ni)-^ log(u) and 
whose value at G A is (m(0), ca modcZ) G x Z/cZ. Any section of Ec over A is 
obtained in this way. 

Let r C Gz be the subgroup consisting of all elements 7 which satisfy 7(6^) — ej G 
©i<fc<j ^^fc for j = 1, 2, 3, 4. Note F D Gz,u- Note also that 5 : D ^ L ^ K factors 
through the projection D — > r\D. 

Fix mj,nk G Z, a-,-, 6^ G Q (1 < j < r, 1 < < s) such that ^jirij = and 
5^fc ""fc ~ 0' ^'^J' £ Z for any j, A;, and take holomorphic functions Wj, Wfc : A — )■ 
(1 < J < r, 1 < < s). Assume that, for any j, /c, the section pj of i?c defined by 
(ttj, ttj) and the section of defined by {bk,Vk) do not meet over A. Consider the 
morphism 

with pj := (a^T + fj (e^'^*^/'^) mod Zr + Z) , 

Qfc := (6fcr + (7fc(e'"'"/^0 mod Zr + Z), 
where := (27ri)"Mog(uj), ^ffc := (27ri)~Mog('i;fc). 

4.4.7. Let A'°s = |A| x S\ where |A| := {r G R | < r < 1}, := {u E C \ \u\ = 

1}. We have a projection A^°s — )> A, (r, li) 1— )■ rw (r G |A|, u G S^), and an embedding 
A* ^ A'°s^ ru ^ (r, li) (r G | A|, r 7^ 0, w G S^). 

We define the sheaf of C°° functions on A^°^ as follows: For an open set U of A^°s and 
a real valued function h on U, h is C°° if and only if the following (1) holds. Let U' be 
the inverse image of U in R>o x R under the surjective map R>o x R — > A^°^, {t, x) i-> 

(1) The pull-back of h on U' extends, locally on U', to a C°° function on some open 
neighborhood of U' in R^. 

Roughly speaking, a function h on A^^s is C°° if h{e'^^^^'=+iy)^ (x G R, < y < 00) 
is a C°° function in x and 1 / ^Jy. 

The restriction of this sheaf of C°° functions on A^°^ to the open set A* coincides 
with the usual sheaf of C°° functions on A*. 
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Proposition 4.4.8. Let^ eW be as in 3.6.1, IV. 

(i) The map p : A* ^ r\D in 4.4.6 extends to a C°° map A^°^ T\D^gl^^^{^) . 
That is, we have a commutative diagram of local ringed spaces over R 

A* A r\i:> 
n n 

(ii) Let B2{x) be the second Bernoulli polynomial x'^ — x + 1/6. For x e R, {x} 
denotes the unique real number such that < {x} < 1 and {x} = x mod Z. 

Then the composite A* A r\D -4 L = R has the form 



^2ni{x+iy)/c ^ mjUkB^Haj - bk}))y + /z(e2-»(«^+iJ/)/'=) 



for some C°° function h on A^°^. 
(iii) Let 

^s[(2)($)^splWx^xL 

be the lower isomorphism in the commutative diagram in 3.6.1, IV. Then the projection 
-^SL(2)(^) ~^ ^ factors through -Dg^2)(^) ~^ ^\^sL{2)(^)' ^'^^ composite A^°^ A 
r\^SL(2)(^) ^ ^ ^6"^* (^^y P(^^^^ o/ Ai°s \ A* to 

\i^j,k'^j^kB2i{aj - bk})) e R = L C L. 

In (ii) and (iii), B2{x) can be replaced by the polynomial x^ —x. The constant term 
of B2{x) does not play a role, for ^ mjUk = 0. 

Note that the restriction of the map -DgL(2)(^) L in (iii) to D is not 5 : D ^ L 
but is p !->■ Ad{a/3{p{gr^)))~^5{p), where a and /3 are as in 3.6.1, IV. 

Proof of Proposition 4- 4- 8- We may and do assume < < 1 and < bk < 1- Let 
J = {{j,k) I 1 < j < r, 1 < k < s,aj < bk}- Then, for each j and k, the function 

e2-r/c ^ ^(^^ . _ ^ /.(e2--/c) _ ^,(e2--/'=)) 

on A is meromorphic and its order of zero at e A is {aj — bk)c if (j, k) & J and is 
otherwise. By using this and by using the description of spl^ : D — > spl(H^) in 1.2.9, 
IV, we see that the composite 

A* A T\D r\(spl(W^) X [)) X L 
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has the property that the part A* — )■ r\(spl(VF) x f)) extends to a C°° function 
Aiog T\{sp\{W) X I)), and that the part A* ^ L = R has the form e^'^^^/'^ ^ 
(-(Ej 'mjaj){J2f. Ukbk) + Y.{j,k)€J iTT'jiT'kiaj - bk)) Im(T) + /^(e^''*^/'^), where h is a C°° 
function on A^°^. Note that 

-(Ei^i^OlEfc^^fe^fe) + T.ij,k)eJ^j^k{aj - bk) = ^(Ei,fc"^j^fc52({aj - bk})). 

Hence, for the lower isomorphism -Dg{(-2)(^) — spl(VF) x ^ x L in the diagram in 3.6.1, 
IV, the composite A* ^ L is written as e^'^*'^/'^ i-^ (l/2)(Ej fc ™i"'fc-S2({oj - bk})) + 
(Ini(r))-i/i(e2'^^^/^), where (Im(r))-i/i is a C°° function on A^°s which has value on 
^log These imply the assertions. □ 

4.4.9. The above proposition 4.4.8 implies a special case of the height estimate by 
Pearlstein ([P2]). 

The lower map in the diagram in 4.4.8 (i) is an example of the extended period 
map (cf. 4.2.3). In a forthcoming part of this series of papers, the existence of the 
extended period map r\-DsL(2) {X is a log smooth fs log analytic space) will be 

proved generally for a variation of mixed Hodge structure on U = X^riv with polarized 
graded quotients with global monodromy in an appropriate group T which has unipotent 
local monodromy along D = X \ U and is admissible at the boundary. This will be 
accomplished by the CKS map D'^ — )■ -Dsl(2) in the fundamental diagram in 0.2 (see 
[KU3], 8.4.1 for the pure case), and imply the height estimate of Pearlstein for more 
general cases. 



Correction to Part I. There are some mistakes in calculating examples in Part I 
([KNU2]), §10. First, the "r "2" s in 10.2.1 should be "r"^". (Note that we gave the real 
analytic structure on in the notation in loc. cit. 2.6 by using the fundamental roots.) 
There are similar mistakes also in 10.3, that is, r should be replaced by r^/^ in the third 
last line in p. 219 of loc. cit., which should be {x + ir~^, . . . ), in the second line in p. 220: 
(.si, .S2, .X, r, (i) I-)- x + ir~^, and in the second last line in p. 220: t(r)(ei) = r~^/^ei, 
t{r){e2) = r^/^ea. 
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